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Chapter 7 
 

Measurement Models and Confirmatory Factor Analysis 
 
 
Some things have to be believed to be seen. 
 

    —Ralph Hodgson 

Overview 
 

 Specification of CFA models 
 

 Identification of CFA models 
 

 Naming and reification fallacies 
 

 Estimation of CFA models 
 

 Testing of CFA models 
 

 Equivalent CFA models 
 

 Analyzing indicators with nonnormal distributions 
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Specification of CFA models 
 

 
 A standard CFA model has the following characteristics: 

 
1.  Each indicator (X) is a continuous variable represented as 

having two causes: 
 

a.  A single underlying factor that the indicator is supposed 
to measure (e.g., A) 

 
b.  All other unique sources of causation that are 

represented by the error term (E) 
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Specification of CFA models 
 

 
 A standard CFA model has the following characteristics: 

 
2.  The measurement errors are independent of each other and 

of the factors 
 
3.  All associations between the factors are unanalyzed (e.g.,     

A        B) 
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Specification of CFA models 
 

 
 Example: A standard CFA model that assumes X1 to X3 measure 

factor A, X4 to X6 measure factor B, and the two factors covary 
(Figure 7.1(a)): 
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Specification of CFA models 
 

 
 In standard CFA models, indicators are endogenous and factors are 

exogenous 
 

 That is, factors are specified as causes of observed scores (e.g.,     
A �  X1 in Figure 7.1) 

 
 Estimates of these presumed direct effects are called factor loadings 

or pattern coefficients 
 

 These estimates are generally interpreted as regression coefficients 
that may be in unstandardized or standardized form 

 
 Indicators assumed to be caused by underlying factors are referred 

to as effect indicators or reflective indicators 
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Specification of CFA models 
 

 
 Paths from measurement errors to indicators (e.g., E1 �  X1 in Figure 

7.1) represent the combined effect of all excluded sources of 
influence on the observed scores 

 
 Like disturbances in path models (D), measurement errors in CFA 

models can be seen as unobserved exogenous variables 
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Specification of CFA models 
 

 
 Measurement errors represent two kinds of unique variance: 

 
1.  Random error of the type estimated by the complements of 

reliability coefficients (i.e., 1 �  rXX) 
 
2.  Systematic variance because of things that the indicator 

measures besides its underlying factor (e.g., method effects) 
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Specification of CFA models 
 

 
 These specifications are described by Anderson and Gerbing (1988) 

as unidimensional measurement: 
 

1.  Each indicator depends on just one factor, and  
 
2.  The error terms are independent 
 

 Otherwise, multidimensional measurement is specified 
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Specification of CFA models 
 

 
 Anderson and Gerbing (1988) argued that unidimensional 

measurement models offer more precise tests of convergent and 
discriminant validity 

 
 Others note that some indicators may measure more than one 

domain (i.e., they are factorially complex) 
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Specification of CFA models 
 

 
 A measurement error correlation (e.g., E1       E2) reflects the 

assumption that the indicators measure something in common that is 
not explicitly represented in the model 

 
 Error term correlations can be included in a model as a way to test 

hypotheses about shared sources of variability other than that due to 
the underlying factors 

 
 One example is the specification of correlated errors for repeated 

measures variables—this represents the hypothesis of 
autocorrelated errors 
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Specification of CFA models 
 

 
 The specification of independent errors reflects the assumption that 

indicator covariances can be explained by the underlying factors 
 

 This is the assumption of local independence that the indicators are 
independent, given a correctly-specified latent variable model 
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Specification of CFA models 
 

 
 Either form of multidimensionality—indicators that depend on 

multiple factors or correlated measurement errors—has implications 
for identification 

 
 Adding either characteristic to a standard CFA model also increases 

the number of parameters, which reduces parsimony 
 

 The choice between the specification of unidimensional versus 
multidimensional measurement should be made on rational grounds 
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Specification of CFA models 
 

 
 A variation on standard CFA features hierarchical relations among 

the factors 
 

 Hierarchical CFA models depict at least one construct as a second-
order factor that is not directly measured by any indicator 

 
 This exogenous second-order factor is also presumed to have direct 

causal effects on the first-order factors, which have indicators 
 

 These first-order factors are endogenous and thus do not have 
unanalyzed associations with each other 

 
 Instead, their common direct cause, the second-order factor, is 

presumed to explain the correlations among the first-order factors 
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Specification of CFA models 
 

 
 Example: A hierarchical confirmatory factor analysis model of the 

structure of cognitive ability (Figure 7.6): 
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Specification of CFA models 
 

 
 Some indicators may be viewed as cause indicators or formative 

indicators that affect a factor instead of the reverse 
 

 Example: Socioeconomic status (SES) is “caused” by observed 
variables such as income, education, and occupation (Bollen & 
Lennox, 1991) 

 
 That is, SES can be seen as a composite that is caused by external 

variables 
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Specification of CFA models 
 

 
 The specification of even one observed variable as a cause indicator 

makes the factor endogenous and the whole model a structural 
regression model (chap. 8) 

 
 A special type of measurement model with a single cause indicator 

that is an equivalent version of a single-factor CFA model is 
considered later 

 
 See Diamantopoulos and Winklhofer (2001) and Kline (in press) for 

more information about the specification of reflective versus 
formative measurement in SEM 
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Identification of CFA models 
 

 
 Any kind of CFA model must meet two necessary conditions in order 

to be identified: 
 

1.  The number of free parameters is less than or equal to the 
number of observations (i.e., dfM �  0) 

 
2.  Every latent variable—which includes the measurement 

errors and factors—must have a scale 
 

 The number of observations equals v (v + 1)/2 where v is the number 
of observed variables, which is the same as for path models 
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Identification of CFA models 
 

 
 Parameters of CFA measurement models are counted as follows: 

 
The total number of variances and covariances (i.e., 
unanalyzed associations) of the exogenous variables (the 
factors and measurement errors) plus direct effects of the 
factors on the indicators (i.e., the loadings) equals the 
number of parameters 
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Identification of CFA models 
 

 
 Measurement errors in CFA models are almost always assigned a 

scale through a unit loading identification (ULI) constraint 
 

 In CFA, this fixes the unstandardized residual path coefficient for the 
direct effect of a measurement error on the corresponding indicator 
to 1.0 

 
 This specification has the consequence of assigning to a 

measurement error a scale related to that of the unexplained 
(unique) variance of its indicator 
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Identification of CFA models 
 

 
 There are two options for scaling a factor 

 
 One is to use the same method as for the measurement errors, that 

is, impose a ULI constraint 
 

 For a factor this means to fix the unstandardized coefficient (loading) 
for the direct effect of the factor on one of its indicators to equal 1.0 
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Identification of CFA models 
 

 
 The indicator with the ULI constraint is the reference variable 

 
 This specification assigns to a factor a scale related to that of the 

explained (common) variance of the reference variable 
 

 It also means that the factor is not standardized 
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Identification of CFA models 
 

 
 The second option to scale a factor is to standardize it 

 
 This is done by imposing a unit variance identification (UVI) 

constraint that  fixes the factor variance to 1.0 
 

 When a factor is scaled through a UVI constraint, all factor loadings 
for its indicators are free parameters 

 
 A UVI constraint is represented in model diagrams here with the 

constant 1.0 next to the symbol for the variance of an exogenous 
variable ( ) 
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Identification of CFA models 
 

 
 Example: Factors A and B are each scaled through ULI constraints 

in Figure 7.2(a) (left) and through UVI constraints in Figure 7.2(b) 
(right): 
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Identification of CFA models 
 

 
 Both methods to scale factors (i.e., ULI vs. UVI constraints) generally 

result in the same overall fit of the model to the same data, but not 
always 

 
 This concerns the phenomenon of constraint interaction, which 

occurs when the use of one method versus the other to scale the 
factors affects overall model fit (Steiger, 2002) 

 
 Constraint interaction is considered later 

 
 However, most of the time constraint interaction may not be a 

problem 
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Identification of CFA models 
 

 
 The choice between ULI versus UVI constraints to scale factors is 

usually based on the relative merits of analyzing unstandardized 
versus standardized factors 

 
 When a CFA model is analyzed in a single sample, either method is 

probably acceptable 
 

 Fixing the variance of a factor to 1.0 to standardize it (i.e., by 
imposing a UVI constraint) has the advantage of simplicity 
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Identification of CFA models 
 

 
 However, UVI constraints are usually applicable only to exogenous 

factors 
 

 Basically all SEM computer programs allow any model parameter to 
be constrained, but the variances of endogenous variables are not 
generally considered model parameters 
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Identification of CFA models 
 

 
 Only some programs, such as SEPATH and RAMONA, allow the 

predicted variances of endogenous factors to be constrained to 
equal 1.0 

 
 This is not an issue for CFA models because all factors are 

exogenous but it can be for structural regression models, which have 
endogenous factors (chap. 8) 

 
 However, the analysis of standardized factors is not generally 

appropriate when a model is analyzed across independent samples 
(chap. 11) 
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Identification of CFA models 
 

 
 Meeting both necessary requirements (i.e., dfM �  0, each latent 

variable is scaled) does not guarantee that a CFA model is identified 
 

 There is a set of sufficient conditions for identification that concerns 
minimum numbers of indicators that applies to standard CFA 
models: 

 
If a standard CFA model with a single factor has at least three 
indicators, the model is identified.  If a standard model with two 
or more factors has at least two indicators per factor, the model 
is identified 
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Identification of CFA models 
 

 
 Bollen (1989) referred to the second sufficient condition just 

mentioned as the two-indicator rule 
 

 However, note that models with factors that have only two indicators 
are more prone to estimation problems, especially in small samples 

 
 A minimum of at least three indicators per factor is recommended 
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Identification of CFA models 
 

 
 CFA models that are theoretically identified are still susceptible to 

empirical underidentification 
 

 For example, the model of Figure 7.2(c) may be empirically 
underidentified if the estimate of the correlation between factors A 
and B is close to zero: 

 
 The virtual elimination of the factor 

covariance from this model 
transforms it into two single-factor, 
two-indicator models, each of which is 
underidentified 
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Identification of CFA models 
 

 
 There is no comparable, easily-applied sufficient condition for CFA 

models that specify multidimensional measurement 
 

 Therefore, the identification status of such models may be more 
ambiguous 

 
 It is important to evaluate whether such CFA models may be 

identified when they are specified and before the data are collected 
 

 This is because one way to respecify a nonidentified CFA model is to 
add indicators, which may be possible only before the study is 
carried out 
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Identification of CFA models 
 

 
 The presence of both correlated measurement errors and loadings of 

indicators on multiple factors may cause identification problems 
 

 A necessary but insufficient condition for identification is that a SEM 
computer program can generate a converged, admissible solution 
that passes empirical checks of its uniqueness 

 
 These empirical checks can be applied to the actual data, but it is 

recommended instead to use a SEM computer program as a 
diagnostic tool with made-up data 
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Identification of CFA models 
 

 
 These made-up data should be arranged in a covariance matrix and 

based on correlations and standard deviations anticipated to 
approximate actual values 

 
 Care must be taken not to generate hypothetical correlations that are 

out of bounds or that may result in empirical underidentification 
 

 The model is then analyzed with the hypothetical data 
 

 These empirical checks do not guarantee identification 
 

 Specifically, failing an empirical check means that the model is not 
identified 
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Identification of CFA models 
 

 
 Some empirical methods: 

 
1.  Use the predicted covariance matrix from a successful 

analysis of a CFA model as the input data for a second 
analysis of the same model—the second analysis should 
yield the same solution as the first (assumes dfM > 0) 

 
2.  Conduct a second analysis using different start values than in 

first analysis—the second analysis should converge to the 
same solution 
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Identification of CFA models 
 

 
 Some empirical methods: 

 
3.  Inspect the matrix of estimated correlations among the 

parameter estimates—none of these values should be 
excessively high (i.e., close to 1.0 in absolute value) 

 
 See Bollen (1989, pp. 238-246) and Kenny, Kashy, and Bolger 

(1998) for more information about identification requirements for CFA 
models 
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Naming and reification fallacies 
 

 
 It is important to avoid two logical errors concerning names of 

factors: 
 

1.  Just because a factor is named (e.g., “social support”) does 
not mean that the underlying hypothetical construct is 
understood or even correctly labeled—to believe otherwise is 
the naming fallacy 

 
2.  A hypothetical construct (e.g., “borderline personality”) may 

not correspond to a real thing—to believe otherwise is 
reification 
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Naming and reification fallacies 
 

 
 A factor label should be seen as a convenience, not as a substitute 

for critical thinking 
 

 See the book by Gould (1981), The Mismeasure of Man, for many 
examples of the reification of results from exploratory factor analyses 
in the study of intelligence 
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Estimation of CFA models 
 

 
 Unstandardized estimates are interpreted as follows 

 
1.  Unanalyzed associations either between a pair of factors or 

measurement errors are covariances 
 
2.  Factor loadings (pattern coefficients) are interpreted as 

unstandardized regression coefficients that estimate the 
direct effects of the factors on the indicators 
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Estimation of CFA models 
 

 
 Unstandardized estimates are interpreted as follows 

 
3.  Loadings of indicators fixed to 1.0 to scale the corresponding 

factor remain so in the unstandardized solution and they have 
no standard errors 

 
4.  The ratio of the estimated measurement error variance over 

the observed variance of the corresponding indicator equals 
the proportion of unexplained (unique) variance 

 
5.  One minus this ratio just described is the proportion of 

explained indicator variance, 2
smcR  
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Estimation of CFA models 
 

 
 In the standardized solution: 

 
1.  Estimates of unanalyzed associations are correlations 
 
2.  When indicators are specified to measure just one factor 
 

a.  standardized factor loadings are also estimated 
correlations and 

 
b.  the square of these correlations equal 2

smcR  for each 
indicator 
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Estimation of CFA models 
 

 
 In the standardized solution: 

 
3.  If an indicator is specified to measure multiple factors, 

however, its standardized factor loadings are interpreted as 
standardized regression coefficients (i.e., beta weights), 
which are not generally correlations 
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Estimation of CFA models 
 

 
 The estimated correlation between an indicator and a factor is known 

as a structure coefficient 
 

 If an indicator is specified to measure just one factor, its 
standardized loading is a structure coefficient; otherwise, it is not 

 
 Graham, Guthrie, and B. Thompson (2003) remind us that the 

specification that the direct effect of a factor on an indicator is zero 
does not mean that the correlation between the two must be zero 
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Estimation of CFA models 
 

 
 That is, a zero pattern coefficient does not imply that the structure 

coefficient for the same factor and indicator is also zero 
 

 In general, indicators are expected to be correlated with all factors in 
CFA models, but they should have higher estimated correlations with 
the factors they are believed to measure 
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Estimation of CFA models 
 

 
 Some possible problems that can crop up in the analysis: 

 
1.  Failure of iterative estimation can be caused by poor start 

values (see Appendix 7.A) 
 
2.  Inadmissible solutions in CFA include Heywood cases, such 

as negative variance estimates or estimated absolute 
correlations > 1.00 
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Estimation of CFA models 
 

 
 Nonconvergence or improper solutions are more likely to happen for 

CFA models with only two indicators per factor and sample sizes 
less than 100-150 cases (e.g., Marsh & Hau, 1999) 

 
 It seems appropriate in CFA to think about minimum sample sizes in 

terms of the ratio of cases to free parameters (e.g., at least 10:1; 
Jackson, 2003) 
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Estimation of CFA models 
 

 
 Marsh and Hau (1999) give the following suggestions for analyzing 

CFA models in small samples: 
 

1.  Use indicators with good psychometric characteristics that will 
each also have relatively high standardized factor loadings 
(e.g., > .60) 

 
2.  Estimation with equality constraints imposed on the 

unstandardized loadings of the indicators of the same factor 
may help to generate more trustworthy solutions 

 
3.  When the indicators are categorical items instead of 

continuous scales, it may be better to analyze them in groups 
known as parcels rather than individually (elaborated later) 

 



Electronic overheads for: Kline, R. B.  (2004).  Principles and Practice of Structural Equation Modeling (2nd ed.).  New York: Guilford Publications. 47 

Estimation of CFA models 
 

 
 Standard maximum likelihood (ML) estimation assumes multivariate 

normal distributions for the indicators 
 

 Results of several computer simulation studies indicate that it is best 
not to ignore this requirement (e.g., Chou & Bentler, 1995; Curran, 
West, & Finch, 1997) 
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Estimation of CFA models 
 

 
 When the indicators are continuous but have severely nonnormal 

distributions: 
 

1.  ML parameter estimates are generally accurate in large 
samples but their estimated standard errors tend to be too 
low 

 
2.  In contrast, the value of the model chi-square, 2

Mc , tends to be 
too high 
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Estimation of CFA models 
 

 
 The effect of analyzing categorical indicators on the accuracy of 

results from normal theory methods, such as ML, has been 
examined in other computer simulation studies 

 
 These simulation studies generally assume a true population 

measurement model with continuous indicators 
 

 Within generated samples, the indicators are categorized to 
approximate data from noncontinuous variables 
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Estimation of CFA models 
 

 
 Categorization can spuriously suggest the presence of multiple 

factors when the true model has just a single factor (e.g., Bernstein & 
Teng, 1989) 

 
 Both ML parameter estimates and their standard errors may be too 

low when the data analyzed are from categorical indicators (e.g., 
DiStefano, 2002) 
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Estimation of CFA models 
 

 
 Recall that standard ML estimation 

 
1.  assumes that the variables are unstandardized 
 
2.  may yield inaccurate results if a correlation matrix is analyzed 

instead of a covariance matrix 
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Estimation of CFA models 
 

 
 Incorrect results can include the value of 2

Mc  or those of standard 
errors 

 
 This can happen if a model is not scale invariant, which here means 

that its overall fit to the data depends on whether the variables are 
standardized or unstandardized 

 
 Scale invariance of the model is determined by a rather complex set 

characteristics including how the factors are scaled and the pattern 
of equality constraints (if any)—see Cudeck (1989) 
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Estimation of CFA models 
 

 
 A method to correctly fit a model to a correlation matrix is known as 

constrained estimation or constrained optimization (Browne, 1982) 
 

 It can be used with standard ML estimation 
 

 Constrained estimation involves the imposition of nonlinear 
constraints on certain parameter estimates to guarantee that the 
model is scale invariant 

 
 These nonlinear constraints can be quite complicated to program 

manually (e.g., Steiger, 2002) 
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Estimation of CFA models 
 

 
 Not all SEM computer programs support nonlinear constraints 

(LISREL, Mx, and CALIS do) 
 

 Both SEPATH and RAMONA allow constrained estimation to be 
performed automatically by selecting an option 

 
 Constrained estimation can also be used to deal with constraint 

interaction (explained later) 
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Testing CFA models 
 

 
 Even when theory is specific about the number of factors (e.g., 2), it 

should be determined whether the fit of a simpler, one-factor model 
is comparable 

 
 If a single-factor model cannot be rejected, then there is little point in 

evaluating more complex ones 
 

 Kenny (1979) noted that the test for a single factor is relevant not just 
for CFA models 
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Testing CFA models 
 

 
 For example, the failure to reject a single-factor model in a path 

analysis indicates that the observed variables do not show 
discriminant validity 

 
 For standard CFA models, a single-factor model and a multiple-

factor model for the same indicators are hierarchically related 
 

 This means that their relative fits can be directly compared with 2
Dc , 

the chi-square difference statistic 
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Testing CFA models 
 

 
 Example: Two-factor model (Figure 4.3; top), single-factor model 

(bottom), both estimated with the same data (Table 7.1): 
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2
Mc  (34) = 88.159 

CFI = .978 
SRMR = .022 

2
Mc  (35) = 409.286 

CFI = .845 
SRMR = .083 

2
Dc  = 409.286 �  88.159 = 321.127, p < .001 
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Testing CFA models 
 

 
 It often happens that an initial CFA model does not fit the data very 

well 
 

 The respecification of a CFA model is even more challenging than 
that of a path model because there are more possibilities for change, 
including: 

 
1.  the number of factors 
 
2.  the relations of factors to the indicators 
 
3.  patterns of measurement error correlations 
 

 Given so many potential variations, respecification should be guided 
as much as possible by substantive considerations 
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Testing CFA models 
 

 
 Inspection of the correlation residuals may be helpful concerning 

problems with the indicators—some examples: 
 

 

Result Correlation residuals Respecification 
   

Indicator has low 
standardized loading on 
original factor 

High correlation residuals 
with indicators of another 
factor 

Switch loading of indicator to 
other factor 

   
Indicator has reasonably 
high standardized loading on 
original factor 

High correlation residuals 
with indicators of another 
factor 

Allow indicator to also load 
on the other factor 
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Testing CFA models 
 

 
 Both results just listed are also consistent with the possibility that the 

indicators share something that is unique to them (e.g., a common 
method effect) 

 
 This possibility could be represented by allowing those pairs of 

measurement errors to covary 
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Testing CFA models 
 

 
 Another class of respecification problems concerns the factors 

 
 For example, the researcher may have specified the wrong number 

of factors 
 

 Poor discriminant validity as evidenced by very high factor 
correlations may indicate that the model has too many factors 

 
 However, poor convergent validity within sets of indicators suggests 

that the model may have too few factors 
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Testing CFA models 
 

 
 For most CFA models, the choice between ULI or UVI constraints to 

scale the factors—that is, the factors are, respectively, 
unstandardized versus standardized—has no effect on model fit 

 
 Steiger (2002) describes an exception called constraint interaction 

that can occur for CFA models where 
 

1.  some factors have only two indicators 
 
2.  loadings of indicators on different factors are constrained to 

be equal 
 

 Specifically, it can happen in some cases that the value of 2
Dc  for the 

test of the equality constraint depends on whether the factors are 
unstandardized versus standardized 
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Testing CFA models 
 

 
 If the value of 2

Dc  for the test of the equality constraint depends on 
how the factors are scaled, there is constraint interaction 

 
 It happens for CFA models because the imposition of the cross-

factor equality constraint has the unintended consequence of making 
unnecessary one of the two identification constraints 

 
 However, removing the unnecessary identification constraint from 

the model with the equality constraint would result in two 
nonhierarchical models with equal degrees of freedom 

 
 That is, the chi-square difference test could not be conducted 
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Testing CFA models 
 

 
 Steiger (2002) describes a simple test for the presence of constraint 

interaction:  
 

1.  Obtain 2
Mc  for the model with the equality constraint 

 
2.  If the factors were scaled with ULI constraints, change one of 

these constraints to a new constant (e.g., 2.0 instead of 1.0) 
 
3.  If the factors were instead scaled with UVI constraints, then 

fix the variance of the one factors to a constant other than 1.0 
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Testing CFA models 
 

 
 A test for constraint interaction:  

 
4.  Fit the model so modified to the same data 
 
5.  If the value of 2

Mc  for the modified model is not equivalent 
within rounding error to that of the original, constraint 
interaction is indicated 

 
 If so, then the choice of how to scale the factors should be based on 

substantive grounds—see Steiger (2002) for more information 
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Testing CFA models 
 

 
 Some other kinds of tests with CFA models are briefly described 

 
 Whether a set of indicators is congeneric, tau-equivalent, or parallel 

can be tested in CFA by comparing hierarchical models with the chi-
square difference test 

 
 Congeneric indicators measure the same construct but not 

necessarily to the same degree 
 

 The CFA model for congenerity does not impose any constraints 
except that a set of indicators is specified to load on the same factor 

 
 If the congenerity model fits the data reasonably well, one can then 

proceed to test the more demanding assumptions of tau-equivalence 
and parallelism 
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Testing CFA models 
 

 
 Tau-equivalent indicators are congeneric and have equal true score 

variabilities 
 

 This hypothesis is tested by imposing equality constraints on the 
unstandardized factor loadings (i.e., they are all fixed to 1.0) in the 
congenerity model 

 
 If the fit of the tau-equivalence model is not appreciably worse than 

that of the congenerity model, then additional constraints can be 
imposed that test for parallelism 
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Testing CFA models 
 

 
 The additional constraints to test parallelism require equal error 

variances 
 

 That is, measurement error variances in the tau-equivalence model 
are constrained to be equal 

 
 If the fit of the parallelism model is not appreciably worse than that of 

the model for tau-equivalence, the indicators may be parallel 
 

 All these models (i.e., for congenerity, tau-equivalence, and 
parallelism) assume independent errors and must be fitted to a 
covariance matrix, not a correlation matrix 
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Testing CFA models 
 

 
 Recall that fixing all factor correlations to 1.0 in a multiple-factor 

model generates a single-factor model that is nested under the 
original 

 
 This comparison with the chi-square difference test is referred to as 

the test for redundancy 
 

 A variation is to fix the covariances between multiple factors to zero, 
which provides a test for orthogonality 
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Testing CFA models 
 

 
 If the model has only two factors, the test for orthogonality is not 

necessary because the statistical test of the factor covariance in the 
unconstrained model provides the same information 

 
 For models with three or more factors, the test for orthogonality is 

akin to a multivariate test of whether all the factor covariances 
together differ statistically from zero 

 
 Each factor should have at least three indicators for the redundancy 

test; otherwise, the model may not be identified 
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Testing CFA models 
 

 
 Here is something very important to know about equality constraints: 

 
Estimates of equality-constrained factor loadings are equal in the 
unstandardized solution, but the corresponding standardized 
coefficients are typically unequal 

 
 This will happen when the two indicators have different variances, 

which is often true 
 

 Thus, it makes no sense to compare standardized coefficients from 
equality-constrained factor loadings 

 
 If it is really necessary to constrain a pair of standardized loadings to 

be equal, then one option is to fit the model to a correlation matrix 
using the method of constrained estimation 
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Equivalent CFA models 
 

 
 Equivalent CFA models fit the data just as well as the researcher’s 

preferred CFA model 
 

 For standard CFA models with multiple factors, it may be possible to 
specify an equivalent model that is a hierarchical CFA model 

 
 Such an equivalent hierarchical model provides an alternative 

account of why the first-order factors covary (i.e., they have a 
common cause, the second-order factor) 
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Equivalent CFA models 
 

 
 Example: Original Kenny (1979) two-factor model in Figure 7.4(a) 

(left) and an equivalent hierarchical CFA model in Figure 7.4(b) 
(right): 

 

(a)  Original Model (b)  Equivalent Model 1 
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PTE PPE 

Ability 
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1 1 

A 

1 
DAb 

1 1 
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Equivalent CFA models 
 

 
 Some other equivalent variations for the same example are unique to 

models where some factors have only two indicators 
 

 Example: Figure 7.4(c) (left) and Figure 7.4(d) (right): 
 
 
 (c)  Equivalent Model 2 (d)  Equivalent Model 3 
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Equivalent CFA models 
 

 
 For two reasons, the situation regarding equivalent versions of CFA 

models with multiple factors is even more complex than suggested 
by the previous examples: 

 
1.  It is possible to apply the Lee-Hershberger replacing rules to 

substitute factor covariances (i.e., unanalyzed associations) 
with direct effects, which makes some factors endogenous 

 
2.  Raykov and Marcoulides (2001) show that there is actually a 

set of infinitely many equivalent models for standard multiple-
factor CFA models 

 
 For each Raykov-Marcoulides equivalent model, the factor 

covariances are eliminated and replaced by one or more factors not 
represented in the original model with fixed unit loadings (1.0) on all 
indicators 
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Equivalent CFA models 
 

 
 Equivalent versions of single-factor CFA models can be derived 

using Hershberger’s (1994) reversed indicator rule 
 

 This involves the specification of one of the observed variables as a 
cause indicator while the rest remain as effect indicators 

 
 Recall that a cause indicator affects the factor instead of the reverse 
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(a)  Original Model with Effect Indicators 
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Equivalent CFA models 
 

 
 Example: Figure 7.5 for a hypothetical single-factor model of reading 

 
 Figure 7.5(b) is an example of a MIMIC (multiple indicators and 

multiple causes) model because the factor has both effect and cause 
indicators: 
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Analyzing indicators with nonnormal distributions 
 

 
 There are basically four options to avoid bias when the indicators are 

continuous but their distributions are severely nonnormal: 
 

1.  Normalize the variables with transformations and then 
analyze the transformed data with standard ML estimation 
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Analyzing indicators with nonnormal distributions 
 

 
 Options when the indicators are continuous but nonnormal: 

 
2.  Use a corrected normal theory method, which means to 

analyze the original data with a normal theory method, such 
as ML, but use robust standard errors and corrected test 
statistics 

 
a.  The former are estimated standard errors that are 

supposed to be relatively robust against nonnormality 
 
b.  An example of the latter is the Satorra-Bentler statistic, 

which adjusts downward the value of 2
Mc  from standard 

ML estimation by an amount that reflects the degree of 
observed kurtosis (Satorra & Bentler, 1994) 

 
c.  Corrected normal theory methods may be the best 

general choice 
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Analyzing indicators with nonnormal distributions 
 

 
 Options when the indicators are continuous but nonnormal: 

 
3.  Use an estimation method that does not assume multivariate 

normality 
 

a.  Asymptotic distribution free or arbitrary distribution 
function (ADF; Browne, 1984) estimation makes no 
distributional assumptions, but it may require very large 
samples—this method is available in some SEM 
computer programs 

 
b.  A class of estimators based on elliptical distribution 

theory requires only symmetrical distributions (Bentler & 
Dijkstra, 1985) and may not require as many cases as 
ADF estimation—available in EQS 
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Analyzing indicators with nonnormal distributions 
 

 
 Options when the indicators are continuous but nonnormal: 

 
3.  Use an estimation method that does not assume multivariate 

normality 
 

c.  Arbitrary and elliptical distribution estimators are generally 
special cases of a family of methods known as weighted 
least squares (WLS), and some WLS methods in LISREL 
and Mplus are suitable for analyzing categorical 
indicators 

 
d.  All of these methods can be more difficult to apply than 

normal theory methods 
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Analyzing indicators with nonnormal distributions 
 

 
 Options when the indicators are continuous but nonnormal: 

 
4.  Use a normal theory method with nonparametric 

bootstrapping, which assumes only that the population and 
sample distributions have the same basic shape 

 
a.  Parameters, standard errors, and model test statistics are 

estimated within empirical sampling distributions from 
large numbers of generated samples (e.g., Yung & 
Bentler, 1996) 

 
b.  Results of a computer simulation study by Nevitt and 

Hancock (2001) indicate that bootstrapped estimates for 
a CFA model were generally less biased compared with 
those from standard ML estimation for sample sizes of 
N �  200 
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Analyzing indicators with nonnormal distributions 
 

 
 Options when the indicators are continuous but nonnormal: 

 
4.  Normal theory method with nonparametric bootstrapping 

 
c.  Because there are at present few other studies of the 

bootstrap method as a way to deal nonnormality in SEM, 
it is difficult to recommend it now with confidence 
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Analyzing indicators with nonnormal distributions 
 

 
 There are two basic options to avoid bias when some or all indicators 

are categorical (discrete, ordinal): 
 

1.  Use special estimation methods for categorical variables 
(e.g., B. Muthén, 1984) that are supported in some SEM 
computer programs, such as EQS, LISREL, and Mplus 

 
a.  These methods generate asymptotic covariance or 

correlation matrices based on non-Pearson correlations, 
such as polyserial or polychoric correlations 

 
b.  Either type of asymptotic matrix is then analyzed by a 

form of WLS estimation 
 
c.  A problem with this approach is that asymptotic data 

matrices are not always positive definite, which can 
cause the analysis to fail 
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Analyzing indicators with nonnormal distributions 
 

 
 Basic options when some or all indicators are categorical: 

 
2.  This option is for individual items with Likert-type response 

formats (e.g., agree, neutral, disagree) 
 

a.  It involves the analysis of parcels instead of individual 
items 

 
b.  A parcel is a total score (linear composite) across a set of 

homogeneous items (i.e., it is a mini-scale) 
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Analyzing indicators with nonnormal distributions 
 

 
 Basic options when some or all indicators are categorical: 

 
2.  This option is for individual items with Likert-type response 

formats (e.g., agree, neutral, disagree) 
 

c.  Parcels are treated as continuous indicators 
 
d.  Also, the score reliability of parcels tends to be greater 

than that for the individual items 
 
e.  If the distributions of all parcels are roughly normal, a 

normal theory method, such as ML, may be used to 
estimate the model 
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Analyzing indicators with nonnormal distributions 
 

 
 Parceling is a somewhat controversial technique 

 
 It assumes that items within each set are unidimensional, which 

means that they are known to measure a single construct 
 

 This knowledge may come from familiarity with the item domain or 
results of prior statistical analyses (e.g., exploratory factor analysis) 
that indicate unidimensional measurement 

 
 Parceling is not recommended if the assumption of unidimensionality 

is not tenable 
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Analyzing indicators with nonnormal distributions 
 

 
 It is possible in some cases that parceling can mask a 

multidimensional factor structure in such a way that a seriously-
misspecified CFA model may nevertheless fit the data reasonably 
well (Bandalos, 2002) 

 
 There are also different ways to parcel items, including random 

assignment of items to parcels and grouping of items based on 
rational grounds (e.g., the items refer to the same stimulus 
material)—see T. Little, Cunningham, Shahar, and Widamin (2002) 

 
 It is not always clear which method to parcel items is best, and the 

choice can affect the results 
 

 See Bandalos and Finney (2001) for a comprehensive review of 
parceling in SEM 
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