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7 

Multiple-Group Models
 

Chapter 6 covered the foundations of a longitudinal panel SEM. This chapter addresses 
fitting longitudinal panel models in the context of multiple groups. I touched on the multi
ple-group CFA component at the end of Chapter 5. In this chapter I focus in more detail 
on the multiple-group aspect of a longitudinal model. In Chapter 8, I address multilevel 
SEM models in detail. Both multiple-group and multilevel models are ways to handle 
nested or clustered data (i.e., when a set of observations are contained in a larger set
ting, unit, or context; see the examples that follow). 

Multiple-group models are useful when the number of groups is relatively small 
(under 20 or so) and the parameters that characterize a group are treated as fixed 
effects. That is, a parameter describes each group’s overall value (a group’s mean or a 
correlation between two variables in a given group), and these values are compared 
across the groups. For example, the mean score for boys would be compared with the 
mean score for girls, or the correlation between two constructs would be compared 
across different ethnic groups. In multiple-group comparisons, groups are generally 
defined by discrete characteristics, such as gender, cohort, school, country, experimental 
condition, disability type, and the like. Ordinal or otherwise continuous characteristics, 
such as age, SES, intelligence, and so on, would generally not be used to create groups 
based on levels. Continuous variables such as these would be included in a model as 
continuous variables and examined as predictors, moderators, or both (see Chapter 9 
for a discussion of moderation in longitudinal SEM). 

Multiple-group models are powerful ways to test core assumptions, such as whether 
the constructs are factorially invariant across groups. When groups are potential sources 
of confound, these models can determine whether the grouping variable introduces 
differences that may influence the conclusions about the associations among variables. 
They are also the preferred approach to testing key hypotheses about potential between-
group differences. As I detail in Chapter 8, multilevel models are useful when the number 
of groups is relatively large (e.g., around 30 or so groups) and the parameters that 
characterize the groups are treated as random effects (i.e., each parameter has a mean 
and a distribution across the groups, and such random effects can now be predicted by 
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210 LONGITUDINAL STRUCTURAL EQUATION MODELING 

other variables or parameter distributions). As mentioned, when the number of groups is 
small, multiple-group models are the preferred approach. 

Multiple-GrOup lOnGitudinAl seM 

Multiple-group SEM is a relatively straightforward extension of the single-group 
approach I presented in Chapter 6. The details of the process of conducting such 
an analysis, however, are a bit more nuanced than in the single-group case. I step 
through these issues in an order that makes logical sense. This order is not meant to 
be the only order that can be considered. For this example, I use the bullying data 
that Dorothy Espelage has kindly allowed me to use. Recall that these data have a 
consistent cross-lagged effect from bullying to homophobic teasing when fit to the 
overall sample (see Figure 6.7). The question that I address is whether the effects are 
the same for boys and for girls. To address this question, I also need to make sure 
that the data are appropriately treated for a multiple-group comparison and that the 
constructs are factorially invariant across each group in the model. Equation 7.1 
shows the fundamental equations of SEM with an additional subscript added, g, to 
reflect group membership. These equations thus start with all necessary parameter 
estimates being freely estimated at each measurement occasion and within each 

equation 7.1. Multiple-group longitudinal equations for SEM 

a) yog = Τog + Λoghog + Θog 

b) E(yog) = my  = Τog + ΛogΑogog

c) Σog = ΛogΨogΛ' ogΘog 

• o refers to the occasions of measurement. 
• g refers to the group membership. 
• y are the scores on the indicators. 
• E() is the expectation operator. 
• my is the vector of means. 
• Τ is the column vector of indicator means. 
• Α is the column vector of latent construct means. 
• Σ is the model-implied variance–covariance matrix. 
• h is the latent constructs’ scores. 
• Λ is the matrix of loadings or estimates of the indicator to construct 

relations. 
• Ψ is the matrix of variances and covariances among the constructs. 
• Θ is the matrix of residual variances or unique factors, and residual 

covariances among the indicators. 
• Λ' is the transpose of the Λ matrix. 
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Multiple-Group Models 211 

group; that is, the parameter estimates in each group and at each time of measure
ment are freely estimated. When the invariance tests are conducted, sets of the 
parameters are equated across groups, g, and across time, o. More specifically, Λog 
is constrained to be equal across time and groups (becoming Λ with no subscripts) 
to test for weak factorial invariance, and Τog is constrained to be equal across time 
and groups (becoming Τ with no subscripts) to test for strong factorial invariance. 

Generally speaking, I recommend that all modeling and data preparation con
siderations be done at the group level rather than the whole-sample level. In other 
words, determine beforehand whether grouping variables like gender or grade will 
be a key theoretical focus (or any other group variable that would be meaningfully 
compared and reported for publication). Other demographic variables or nontheo
retically relevant grouping variables (e.g., schools, districts, states, and cities) can be 
represented as sets of dummy codes and control variables. Be mindful that group 
sizes can become too small to allow meaningful comparisons. Group sizes below 
50, for instance, can begin to create problems both for missing data estimation by 
group and for multiple-group SEM analyses. For the example that I work through 
here, gender is the meaningful group, and school is the nontheoretically meaningful 
grouping variable. 

step 1: estimate Missing data and evaluate the descriptive statistics 

This step may seem obvious, but I constantly have to ask researchers to provide this 
information. Even if FIML is to be used for the SEM estimation, getting descriptive 
statistics based on imputation is still useful because the means and variances of the 
imputed variables are the best population estimates given that some data are missing 
(note I would report the range of scores from the unimputed data, because the range 
is not a sufficient statistic about the sample). As I just mentioned, in this step, the 
missing data should be addressed by imputing the missing information within each 
group in order to maintain as much as possible the potential between-group differ
ences. If the data are imputed at the combined (whole sample) level, any differences 
in covariance relations as a function of group will be reduced. It is possible to create 
a gender dummy code and to create all possible interactions of this dummy code 
with variables on the dataset to effectively capture the between-group differences 
in covariances. It’s usually easier just to impute the missing data at the group level 
that will be analyzed. In this example, I would impute for boys and girls separately. 

In addition to calculating the percent missing, it’s informative to also report the 
fraction missing. As I mentioned in Chapter 2, fraction missing is an index of how 
recoverable the missing information is for each variable in the imputation set. Frac
tion missing is characteristic of each variable’s missing-data pattern (or each param
eter if FIML estimation is used) for estimating the mean and the variance. Reporting 
each estimate of fraction missing would be unnecessary; however, reporting a his
togram of these values for all the variables or describing the range and mean would 
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 212 LONGITUDINAL STRUCTURAL EQUATION MODELING 

be useful (details of this information can be placed on a web page). I also strongly 
encourage a thorough examination of predictors of the missing data and reporting 
these predictors either in the text of the manuscript being prepared or on a web 
page. The more information that the field can get about the predictors of missing
ness, the better the field can prepare to handle missing data when the mechanism is 
MAR (see Chapter 2 for a more thorough discussion of missing data issues; see also 
Enders, 2010). For a guide to calculating and reporting fraction missing, see crmda. 
KU.edu. In reviewing the descriptive statistics, the key is to look for consistency in 
the information within each time point. Do the indicators correlate with each other 
to about the same degree? Table 5.3 in Chapter 5 provides an example of this kind 
of information. 

step 2: perform Any supplemental Analysis to rule Out potential 
Confounds 

As I mentioned in Chapter 6, an important step in any modeling endeavor is to 
examine potential confounds. In this example, the data were collected from four 
Midwestern middle schools. The students are nested within each school and, as a 
result, may have different associations among the constructs. That is, the different 
school contexts and cultures may moderate the relations among the constructs. To 
assess this possibility, a four-group CFA of the constructs would be performed. A 
multilevel approach is not feasible because there aren’t enough schools to treat the 
school influences as a random effect; to treat schools as a random effect, a large 
number of schools would be needed. At this point, clear guidance on how many are 
needed is lacking, but somewhere between 15 and 30 or so different schools (Level 
2 units) would be needed in order to attempt a multilevel analysis. With only a few 
schools, such as here, a fixed effects approach is preferred. Each school is treated as 
its own group in the four-group analysis, and any differences between schools are 
tested. If the differences are trivial, then I can collapse the data across schools (i.e., I 
can ignore the school clusters and treat all students as independent observations). If 
the differences are pronounced, I would need to keep school as a grouping variable 
in the analyses. 

Table 7.1 presents the fit statistics for testing the school-level differences. The 
first entries in this table are the tests for factorial invariance across schools. Then I 
conducted the two key tests to examine school-level impacts on the latent constructs. 
As seen in Table 7.1, the tests for configural, weak, and strong factorial invariance 
in this supplemental analysis are, as expected, easily supported using Cheung and 
Rensvold’s (2002) recommended criterion of the change in CFI of .01 or better (see 
Chapter 5). All the steps that I took in examining the school differences to deter
mine whether there is any reason to control for school differences in the gender 
comparisons are the same steps that I will take when I subsequently conduct the 
gender comparisons. The main distinction between the tests in Table 7.1 and the 
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Multiple-Group Models 213 

tABle 7.1. Supplemental tests of differences across the four schools 

RMSEA 
Model tested χ2 df Δχ2 Δdf p RMSEA 90% CI CFI ΔCFI Pass? 
Null model 27719.3 1968 --- --- ---
Configural invariance 2933.6 1200 .075 .071;.079 .933 Yes 
Weak invariance 3165.6 1260 .077 .073;.081 .926 .007 Yes 
Strong invariance 3325.5 1320 .077 .073;.081 .922 .004 Yes 
Homogeneity var/cov 4031.6 1485 706.1 165 <.001 --- ---;--- .901 .021 No 
Variances 3510.9 1350 185.4 30 <.001 --- ---;--- .911 .012 No 
-Variances w/ fixes 3374.8 1344 49.3 24 .002 --- ---;--- .919 .003 Yes 
Covariances 3758.1 1455 432.6 135 <.001 --- ---;--- .916 .006 No 
-Covariances w/ fixes 3532.8 1442 207.3 122 <.001 --- ---;--- .921 .001 Yes 
Means 3404.5 1350 79.0 30 <.001 --- ---;--- .920 .002 No 
-Means w/ fixes 3370.4 1346 44.9 24 .012 --- ---;--- .921 .001 Yes 
Note. For the measurement model tests of invariance, a change in CFI of .01 or less is used. The criteria for 
determining too much loss in fit in the latent space, given the power of the sample size, is a p-value less than 
.001 or a change in CFI greater than .002. In the case of the covariances with fixes, no further estimates lead to a 
significant decrease in model fit, indicating no meaningful differences between the four schools. 

ones I report in Table 7.2 is that the school comparisons are not theory-based and 
are done to rule out school differences as a possible confound when I conduct the 
theoretically motivated comparisons by gender. If the study had been done in a large 
number of schools, I could use a multilevel SEM model to control for the school dif
ferences while focusing on gender differences. Because there are only four schools, 
the potential confound of school effects can be examined only by using the multiple-
group framework. 

tABle 7.2. Model fit statistics for the gender comparisons of homophobic teasing and bullying 

Model tested χ2 df p Δχ2 Δdf p RMSEA 
RMSEA 
90% CI CFI ΔCFI 

TLI/ 
NNFI ΔTLI Pass? 

Null model 138032997.8 ---<.001 --- --- --- ---
Invariance tests for gender comparisons 

--- --- --- --- ---
Configural invar. 1958.09 840 <.001 --- --- --- .046 .043;.049 .971 --- .952 --- Yes 
Weak invariance 2149.92 876 <.001 --- --- --- .048 .045;.051 .967 .004 .948 .004 Yes 
Strong invariance 2379.74 912 <.001 ------ --- .051 .048;.053

SEM comparisions across gender 
.962 .005 .942 .006 Yes 

Means - omni 2474.73 922 <.001 94.99 10 <.001 --- ---;--- --- --- --- --- No 
Means - Bullying 2387.99 917 <.001 8.25  5 .14 --- ---;--- --- --- --- --- Yes 
Means - HomPhAt 2422.60 917 <.001 42.86 5 <.001 --- ---;--- --- --- --- --- No 
Homogeneitya 

Homogeneityb 
1048 
1047

2709.81 
2672.14 

<.001 
<.001 

330.08 
292.40 

136 
115 

<.001 
<.001 

---
---

---;---
---;---

---
---

---
---

---
---

---
---

Yes 
Yes 

Homogeneityc 2630.50 967 <.001 250.76 55 <.001 --- ---;--- --- --- --- --- No 
Variances only 2432.85 922 <.001 53.11 10 <.001 --- ---;--- --- --- --- --- No 
Final SEM 10372523.55 <.001 143.81 125 .11 .048 .040;.050 .953 .009 .937 .005 Yes 

Note. aThe covariates are included in the homogeneity test. bThe covariates are not included in the homogeneity test. cThe 
covariates are controlled for in the homogeneity test; the covariates were also controlled for in the tests of the means, 
the variances, and in the final SEM. Nonsignificant covariate effects were pruned. For the final SEM, all parameters are 
significant, and no further modifications were indicated. Sample sizes are 556 females and 576 males. 
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 214 LONGITUDINAL STRUCTURAL EQUATION MODELING 

The next important step in the supplemental analysis is to test for the homoge
neity of the variance–covariance matrix. Here, each variance and covariance is set 
to equality across each of the groups to evaluate whether there is sufficient evidence 
for moderation by school. This test is an omnibus test of whether the relations among 
the constructs are sufficiently similar within each school. Large differences would 
indicate that different SEM models for two or more of the schools would likely 
be needed to explain the relations among the constructs. If one of the schools, for 
example, was in the middle of an antibullying campaign, the relations between bul
lying and homophobic teasing would likely be different in that school as compared 
with schools that did not have antibullying programs in place. 

Small differences would indicate that the same SEM model would work in each 
of the schools and that the school context does not have any meaningful impact. 
This outcome would suggest that the set of features defining each school (e.g., catch 
ment region, bullying prevention efforts, extracurricular activities) do not differen
tially affect the associations among the constructs in this model. Modest differences 
among the schools would necessitate a closer examination of which elements of the 
variance–covariance matrix are different and a determination of whether the pattern 
is sufficiently systematic to cause concern. 

As seen in Table 7.1, this test shows a modest change in model fit. This modest 
change prompted some follow-up tests to locate where the modest differences might 
be. The first follow-up test is to isolate the test of the variances from the test of the 
covariances. The initial test of the variances shows that some differences exist. The 
test of variances with fixes reports the results of my examination of the constraints, 
which found that one of the variances was responsible for the overall test being 
untenable. Inspection of the variances indicated that Schools 1 and 4 had similarly 
high variances, whereas schools 2 and 3 had similarly low variances. When I con
strained Schools 1 and 4 to be equal and Schools 2 and 3 to be equal, the model fit 
was acceptable. That is, the tests for similarities across schools and time are reason
ably supported. Given the unsystematic nature of where the one variance difference 
emerged, I would deem this difference as ignorable, particularly because it has no 
theoretical basis. 

Next, the covariances are examined in isolation from the variances (i.e., the 
variances are freely estimated). The initial test of homogeneity among the covari
ances indicates some modest deterioration in fit. As with the variances, I examined 
the covariances and the model fit information to see where the lack of fit might be. 
Given that there are (30 · 29)/2 unique covariances in each school, I would expect 
by chance alone that around 4 covariances in each group would be significantly 
different from the others. And this expectation was supported. Three covariances 
in School 4, 5 in School 3, 2 in School 2, and 5 in School 1 showed significant dif
ferences. When I freely estimated these 15 covariances out of the 1,740 possible 
covariances, the model fit was now similar to the strong invariant model fit. Again, 
given the smattering of differences, their unsystematic nature (e.g., none of the freed 
covariances involved contiguous time points or showed any consistency within or 
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Multiple-Group Models 215 

between construct relationships), and their lack of any theoretical interpretation, I 
would deem these differences as ignorable. These two sets of analyses indicate that 
there is no meaningful moderation of the associations among the constructs as a 
function of school context. 

The next comparison listed in Table 7.1 is the mean-level test. Here, I set the 
latent construct means to be equal over time. This test shows some evidence of 
mean-level differences on one or more constructs across one or more schools. To 
follow up on this finding, I examined the means across the groups and looked at 
the modification indices to see which means are indeed different. The follow-up 
revealed that Schools 1 and 2 had a lower mean-level bullying score at Time 1 (1.41) 
than did Schools 3 and 4 (1.52). In addition, School 1 had a lower mean score on 
homophobic teasing at Time 1 (1.63) than did Schools 2–4 (1.78). These mean differ
ences are enough to warrant including school dummy codes in the analysis model 
when the focal comparison by gender is conducted. 

step 3: fit an Appropriate Multiple-Group longitudinal null Model 

Because model fit will be an important consideration for the substantive model being 
tested, I need to know the null model c2 value and its degrees of freedom. The null 
model provides an index of the amount of information contained in the analyzed 
dataset. This index of information comes in the form of a very large c2 value (recall 
that the null model c2 and degrees of freedom are needed to calculate the relative fit 
indices; see Chapter 4). The null model specifies a reasonable null expectation for 
the dataset, and, therefore, it should produce a large c2 value. This c2 value repre
sents the total amount of modelable information contained in the data. Note that I 
also fit a multiple-group longitudinal null model for the supplemental tests of school 
differences in Step 2. 

The null-model expectations in the longitudinal and multiple-group case are 
the following: (1) The measured variables have a 0 association with one another 
within each time of measurement and across all times of measurement (the so-called 
independence model that is the default null model for most SEM packages). (2) The 
variances of the corresponding measured variables (e.g., verbal bullying at each of 
the five time points) do not change over time (i.e., the variances are equated to be 
equal over time). (3) The means of the corresponding measured variables also do 
not change over time (i.e., the corresponding intercepts or indicator-level means 
are equated to be equal over time). In addition to these longitudinal expectations, I 
would add the additional constraint that the variances and means of the correspond
ing variables are equivalent across each group in the multiple-group model (in this 
case, I have only two groups). The constraints represent the null expectation of no 
changes over time and no differences between groups. Essentially, the null model 
(with these constraints in place) is a modeling device that allows me to obtain an 
overall c2 value with its associated degrees of freedom that characterizes the amount 
of modelable information in the data that I am analyzing. I use this information to 
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calculate the relative fit statistics that I want to examine. When I start the process of 
modeling the changes in the constructs over time and across groups, I will be able to 
gauge how much of this information I am able to recover or “fit” with my theoreti
cally derived substantive model. This information is represented in the value of the 
CFI and the TLI/NNFI that I would calculate. 

For this model, I have two constructs—each with three indicators. Each con
struct is measured at five times of measurement for both groups. The number of 
unique sufficient statistics that I have is easy enough to calculate. I first need to 
figure out the number of variables in the dataset. The number of unique sufficient 
statistics represents the number of unique bits of information that I have available 
for estimating a model’s parameters. The first question is how many variables are 
there in each group. Because each time of measurement is treated as a unique 
occasion of assessment, the six variables that are measured at Time 1 are repeat
edly assessed at other time points. So the number of variables is 6 · 5 or 30 plus 6 
covariate variables for a total of 36 variables. The number of unique variances and 
covariances in this 36-variable matrix is (36 · 37)/2, or 666. The number of unique 
indicator means is 36; hence the total number of sufficient statistics that are unique 
is 702. Because I have two independent groups, each group has its own set of 
unique sufficient statistics, so the grand total for this two-group longitudinal model 
is 1,404. The null model estimates only the variances and the means of the six indi
cators of the Time 1 constructs in Group 1. The six variance estimates are equal 
over time and across groups. The six means are also equal over time and across 
groups. The variances and means of the six covariates are estimated in Group 1 
but equated in Group 2. This null model, therefore, makes only 24 estimates (six 
variances and six means for the main indicators, and six variances and six means 
for the covariates). The degrees of freedom for this null model would be the total 
number of sufficient statistics minus the number of parameter estimates, which is 
1404 – 24 = 1380. 

When I fit this null model to the data, I obtain c2 
(1380, n=1132) = 32997.8. I put this 

information as the first entry into my table of model fit information (see Table 7.2). 
By the way, if you choose to use FIML estimation to handle missing data when you 
fit your substantive models, you can use this null-model fit information to calculate 
the CFI and TLI/NNFI in the presence of missing data using FIML. That is, fit 
this null model using FIML and use the c2 and degrees of freedom to calculate the 
relative fit measures based on the c2 and degrees of freedom of the FIML estimated 
substantive models. Most software will not provide this information when FIML is 
chosen as the estimator. 

step 4: fit the Configural invariant Model across time and Groups 

I am choosing to fit the configural invariant model to both groups simultaneously 
because I have strong theoretical reasons to expect that these two constructs will be 
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configurally invariant across time and gender. I’m primarily interested in establish 
ing a baseline of model fit for the subsequent substantive models that I would like 
to estimate (e.g., tests of measurement invariance, tests of latent equivalence, the 
structural SEM). The configural invariant model provides the best fitting model that 
I have in mind for these data because it estimates all loadings, intercepts, and latent-
variable parameters as free parameters across time and across groups. In this regard, 
it is also the least parsimonious model. The goal in this model-building enterprise is 
to move from a nonparsimonious model such as the configural invariant model to a 
more rigorous model (i.e., the strong factorially invariant model) and even further to 
a reduced parameter structural model. 

This fourth step is already a step in which I could conduct things in a more fine-
grained set of steps. If I were really concerned about the nature of the model and its 
fit across boys and girls, I could fit the configural invariant model separately for boys 
and for girls to evaluate more independently the model fit information within each 
group. When I fit the model as a multiple-group model, the fit statistics are based on 
the combined information (as implied by the earlier discussion about how the null 
model is to be fit). If I did want to fit the models separately for boys and for girls, I 
would also need to calculate an appropriate null model for each subgroup. Here, I 
would fit the longitudinal null model (i.e., variances and means don’t change over 
time, and no associations are allowed among all indicators) to allow me to evaluate 
fit within each group. As I mentioned, I would do such a detailed subanalysis only 
if I were really concerned about the behavior of the indicators within one or more 
of the groups. For example, I might have this level of concern if I translated a set of 
measures from one language into another and wanted to make sure that the trans
lated instrument fit the data of the new culture at reasonably good levels. 

The fit of the configural invariant model is usually evaluated as a combined 
overall assessment; however, most software will also provide some indication of the 
fit within a given group. For example, the percentage of the contribution to the over
all c2 indicates whether the contribution is evenly distributed across groups. This 
information gives some confidence that the overall model fit is a good approximation 
for both groups. For the current example, the model fit of the configural invariant 
model is quite good, indicating that the constructs are maintaining their general 
measurement integrity across time and groups (see Table 7.2). 

step 5: test for weak factorial (loadings) invariance 

This step can be conducted based on a few different rationales and perspectives. 
That is, the tests of weak factorial invariance can be conducted in increments or 
as an overall omnibus assessment. From one perspective, when the expectation 
for invariance is very reasonable, the assessment can be conducted as an omnibus 
evaluation, whereby the loadings are constrained to be equal both across time and 
across groups simultaneously. Such an omnibus test would be reasonable when the 



Cop
yri

gh
t ©

 20
13

 The
 G

uil
for

d P
res

s

 218 LONGITUDINAL STRUCTURAL EQUATION MODELING 

instruments are age appropriate and the groups are based on relatively homogeneous 
characteristics (e.g., age cohorts, genders, schools). 

If there is reason to believe that the constructs may not be factorially invariant, 
either across time or across groups, then the tests of weak factorial invariance could 
proceed in a more measured manner. Depending on which dimension I am wor
ried about, I would continue with the test on the more worrisome dimension first. 
For example, if I had two samples from different cultures, I would want to make 
sure that the invariance tests across groups are tested without placing invariance 
constraints across time. I could then evaluate the tenability of the cross-group con
straints unconfounded with constraints across time. I would then add the cross-time 
constraints on top of the cross-group constraints in a situation such as this. 

I would be perfectly justified in testing for invariance across time and across 
groups as separate comparisons, using the change in CFI criterion for each. I could 
then fit the omnibus test where the constraints hold across groups and time and allow 
for a more relaxed evaluation of constraints. For example, I can adjust the change in 
CFI criterion. If the sum of the two constraints is not double the usual .01 criterion 
for the change in the CFI, then the set of constraints of invariance are tenable, and I 
can proceed with the next steps. As with any tests of invariance, I need to evaluate 
the residuals and modification indices very carefully. When modification indices are 
consistent across time or across groups, then the modification is more likely to be a 
real effect that should be carefully considered. Inconsistent modifications are more 
likely to indicate perturbations due to sampling variability. 

For the working example here, the model fit was extremely good and showed 
only modest changes in model fit between the configural invariant model and the 
weak factorial invariant model. Table 7.2 contains the relevant information for this 
step of invariance testing. 

step 6: test for strong factorial (intercepts) invariance 

The next critical test in establishing measurement equivalence across groups and 
across time is the test of strong factorial invariance. As with the tests for weak fac
torial invariance, the order in which these tests are conducted can vary depending 
on the expectations of the researcher. Generally speaking, however, the order and 
manner in which strong factorial (intercepts) invariance is tested should mirror the 
order and manner in which weak factorial (loadings) invariance is tested. 

Once this test of invariance is completed and assuming it passes, then the con
clusion is that the measurement characteristics of the indicators (as they relate to 
their respective constructs) are unchanged by the passage of time and that they are 
universally relevant in the groups that are represented. Measurement equivalence 
is a key assumption that is tested in SEM models, and, when supported, the con
straints of invariance on these measurement parameters provide important validity 
assurances. First, the constraints ensure that the operational characteristics of the 
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indicators are defined in a common manner that is exactly the same for each time 
of measurement and across each group. Second, the constraints ensure that when 
tests of differences in the latent constructs’ parameters are conducted, the defining 
characteristics of the indicators will remain tied in place. That is, the loadings in one 
group cannot change to be different values in a compensatory manner when con
straints are placed on the latent constructs’ parameters. The measurement invariance 
constraints provide the stable baseline for making meaningful construct compari
sons. Third, the constraints assure us (when the model fit is relatively unchanged) 
that we have no evidence of differential item functioning or other measurement 
anomalies. In this regard, multiple-group tests of measurement equivalence are the 
continuous-variable analogue to categorical tests of differential item functioning in 
the item response theory (IRT) framework. In SEM, the loadings are the discrimina
tion parameter and the intercepts are the difficulty or likeability level of the indica
tor. The analogous theta parameter of IRT is the latent construct score. 

At both the weak and the strong levels of invariance testing, some of the con
strained parameter estimates may not be acceptable. In the multiple-group longitu
dinal framework, the lack of invariance for a given parameter has a better chance to 
replicate either across groups or across time because of the additional replications 
of the same indicators being measured. If a loading or an intercept does not show 
an invariant relationship across groups or across time, it can be freely estimated. 
As mentioned, when a majority of indicators are invariant, the partially invariant 
construct can be examined with little loss of generality in the conclusions that can 
be drawn about the nature of the latent construct. In a situation of partial invariance, 
I can also get fancy and add a uniqueness factor to the offending indicator and then 
estimate the loading or intercept of the uniqueness factor to estimate the amount 
of deviation from factorial invariance that the offending indicator has (see Grob, 
Little, Wanner, Wearing, & Euronet, 1996, for an empirical example that estimated 
a uniqueness mean). 

For the working example here, the model fit was extremely good and showed 
only modest changes in model fit between the configural invariant model and the 
weak invariant model, as well as between the weak invariant model and the strong 
invariant model. Table 7.2 contains the relevant information for this step of invari
ance testing. In other words, measurement invariance holds for these constructs 
across both time and gender. In these tests of factorial invariance, the covariates 
are included in the analysis model, but they are not included in the invariance con
straints, and they are not used to condition the constructs (i.e., they do not predict 
the constructs at this point in the model-building process). In addition, their vari
ances and means are freely estimated in both groups. After establishing invariance, 
I can then examine the predictive effects of the covariates by regressing each of the 
focal constructs onto the covariates. As I have mentioned before, I generally prune 
the nonsignificant covariate effects in an effort not to overcontrol when including 
covariates in an analysis such as this. 
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step 7: test for Mean-level differences in the latent Constructs 

I can conduct this test right after I have established strong factorial invariance or 
strong partial invariance of the constructs. These tests of the latent means examine 
not only the mean-level changes over time but also potential mean-level differences 
across groups. As before, these tests can be conducted in a number of different 
phases. One method, which I described in detail in Chapter 5, involves conducting 
an omnibus test of no latent mean changes across time and across groups. I can also 
perform specific comparisons if I have strong theory that guides which means would 
be expected to differ. For this example, I did the omnibus tests first. As shown in 
Table 7.3, the means of the bully constructs appear to be similar, but the means for 
homophobic teasing appear to be different. I first conducted an omnibus test but 
found that it was significant as evidenced by the c2 difference test (Table 7.2). The 
test of the set of means for bullying, on the other hand, showed that these means are 
not significantly different across boys and girls, p = .14. The means of homophobic 
teasing were different across boys and girls (see Table 7.2). Note that in these tests 

tABle 7.3. Correlations, means, and variances for the bullying and 

homophobic teasing constructs at five time points by gender
 

Time 1 Time 2 Time 3 Time 4 Time 5 
Bul1 Hom1 Bul2 Hom2 Bul3 Hom3 Bul4 Hom4 Bul5 Hom5 

Girls 
Bul1 1.00 .00 .00 .00 .00 .00 .00 .00 .00 .00 0 Hom1 

Hom1 0.81 1.00 .00 .00 .00 .00 .00 .00 .00          
Bul2 0.58 0.51 1.00 .00 .00 .00 .00 .00 .00 .00 .00 .00 .00 .00 .00 

.Hom2 0.63 0.65 0.69 1.00 .00 .00 .00 .00 .00 .00 .00 .00 .00 .00 
.Bul3 0.64 0.52 0.77 0.61 1.00 .00 .00 .00 .00 .00 .00 .00 .00 

Hom3 0.60 0.54 0.71 0.73 0.78 1.00 .00 .00 .00 .00 .00 .00 
.Bul4 0.51 0.44 0.66 0.57 0.61 0.59 1.00 .00 .00 .00 .00 

.Hom4 0.52 0.51 0.59 0.61 0.61 0.77 0.63 1.00 .00 .00 .00 
Bul5 0.52 0.44 0.57 0.35 0.58 0.50 0.58 0.46 1.00 .00 

.Hom5 0.61 0.53 0.64 0.52 0.67 0.59 0.57 0.62 0.75 1.00 

.00 .00 .00 .00 .00 .00 .00 .00 
Mean 1.47 1.69 1.45 1.76 1.45 1.79 1.38 1.72 1.42 1.61 

Var .21 .53 .25 .57 .22 .60 .10 .43 .16 .28 

Bul1 1.00 .00 .00 .00 .00 
Boys

.00 .00 .00 .00 .00 0 Hom1 
Hom1 0.75 1.00 .00 .00 .00 .00 .00 .00 .00          

Bul2 0.50 0.47 1.00 
Hom2 0.49 0.47 0.67 1.00 

Bul3 0.53 0.42 0.60 0.48 1.00 
Hom3 0.45 0.40 0.58 0.68 0.72 1.00 

Bul4 0.48 0.50 0.60 0.48 0.60 0.52 1.00 
Hom4 0.47 0.47 0.54 0.64 0.66 0.72 0.72 1.00 

Bul5 0.40 0.37 0.54 0.35 0.65 0.55 0.61 0.55 1.00 
Hom5 0.39 0.38 0.57 0.42 0.63 0.56 0.62 0.71 0.75 1.00 

Mean 1.47 1.81 1.45 1.98 1.51 2.03 1.38 1.84 1.38 1.81 
Var .27 .62 .27 .82 .31 .78 .12 .53 .14 .33 

Note. The estimates are from the strong invariant CFA model with effects coded method of 
identification. Girls n = 556, boys n = 576. 
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of mean-level differences across boys and girls, I did include the covariate effects 
in the models. 

step 8: test for the homogeneity of the variance–Covariance 
Matrix among the latent Constructs 

This step is an important one. If the variance–covariance matrix among the latent 
constructs is not different across boys and girls, then there is not much of a basis to 
go forward and fit the SEM model separately for boys and girls. If the variance–cova
riance matrices are the same for boys and girls, it means that the same SEM model 
would fit equally for boys and girls. This test, therefore, would indicate whether or 
not the two samples of youths can be combined into a single sample analysis, like the 
one I reported in Chapter 6. If the two matrices are sufficiently different from one 
another, it implies that different relations among the constructs exist and that dif
ferent SEM models of the longitudinal relations among the constructs would likely 
emerge. This situation would warrant continuing to Step 9 and fitting the hypoth 
esized longitudinal model for boys and for girls as a two-group model (while still 
keeping the invariance constraints in place). 

In this example, I conducted the homogeneity tests in three different ways. In 
the first test, I included the covariates as part of the variance–covariance matrix. 
This test would mix the variance–covariance information about the focal variables 
with the variance–covariance information about the covariates. In these data, I had 
three dummy codes for school, one ordinal code for grade (Grades 6, 7, and 8), 
and two dummy codes for ethnicity. In my view, this test of the homogeneity of 
the information across the two groups is not very informative because it mixes the 
two sources of information (i.e., information due to the focal indicators of the con
structs vs. information due to the relations among the covariates). One way to fix 
this confounding of information is to freely estimate the variances and covariances 
among the covariates but to place equality constraints on the remaining variances 
and covariances that involve the focal indicators. These constraints could include 
the covariances between the focal indicators and the covariates, or you could leave 
these covariances as freely estimated. I constrained them in this test, as I report in 
Table 7.2. 

The third test of the homogeneity of the variance–covariance matrix is actually 
a test of the residual variance–covariance among the focal variables after controlling 
for the covariate effects. That is, each of the indicators of the two constructs across 
the five measurement occasions is regressed on to each of the covariate variables. 
The residual matrix is then compared across the two genders. I generally prefer this 
third way because the matrix that is conditioned on the covariates is the matrix that 
would have the SEM model fit to it. It could be that the unconditioned variance– 
covariance matrix among the focal indicators is different but that the residual matrix 
(conditioned on the covariates) is not different. As shown in Table 7.2, all three ways 
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of testing the homogeneity of the variance–covariance matrix revealed significant 
differences between the genders. 

I conducted a follow-up test of just the variances to evaluate whether the met
ric of the relations among the constructs is comparable across the two genders. If 
the variances differ to any appreciable degree between the two genders, then the 
structural relations that I would model would be on very different metrics. In this 
case, I would need to include phantom constructs to standardize the structural 
relations that I would be modeling (see Chapter 3 for my discussion of phantom 
constructs and why they are used). As seen in Table 7.2, the omnibus test of the 
variances indicates that there are significant differences between the genders. A 
casual inspection of the variances in Table 7.3 shows that boys vary more than 
girls in terms of reported bullying and in reported homophobic teasing, with some 
of these differences more pronounced (e.g., homophobic teasing at Times 3 and 5) 
and some nearly nonexistent (e.g., bullying at Times 4 and 5). Given that some of 
these variances are different and would produce unstandardized estimates that are 
on different metrics, the next step in building the longitudinal SEM in both groups 
would be conducted using the phantom constructs. Recall that phantom constructs 
provide a way to estimate the SEM model in a common metric across the two 
groups, which allows us to test the parameters of the SEM model for similarities 
and differences across the two genders. 

step 9: test the longitudinal seM Model in each Group 

In this step, the hypothesized longitudinal SEM models for boys and for girls 
(because they are expected to be different) are fit simultaneously using the boys’ 
data and the girls’ data. This longitudinal SEM model for the two groups would be 
very similar to the model in Figure 6.7, but some of the additional AR2 and AR3 
paths would not likely be included at this initial specification of the longitudinal 
SEM model. It is also possible that, with strong theory, the model for the boys may 
look quite different from the girls’ model. Even if the models for the boys and for 
the girls are identical in terms of which paths are being estimated and which paths 
are fixed to 0, important differences between the groups could emerge. Specifically, 
the differences would be seen in the magnitudes (and perhaps directions) of the rela
tions. For example, the cross-lagged path from bullying to homophobic teasing at 
each successive time point may be a large positive value in boys but a significantly 
lower positive value in girls. At this step, the key goal is to develop a longitudinal 
SEM model for each group such that the fit of the overall model does not differ sig
nificantly from the strong factorially invariant model. 

The strong invariant model is the optimal best fitting model to use as the base 
line for comparing the parsimonious restrictions that are placed when specifying the 
longitudinal SEM model. It is optimal because factorial invariance constraints are 
in place, which ensures that the constructs are identically defined in both groups and 
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across time. It is also optimal because there are no restrictions on the relationships 
among the constructs. That is, the variances and covariances among the constructs 
are all freely estimated in the strong invariant model. When the cross-time covari
ances are converted to directed regression relations and many of them are removed 
(i.e., set to 0), the model fit will be degraded to some degree. The key, of course, is 
making sure that the degree of degradation is not too much. If it is too much, then 
there are still important relations among the variables that need to be estimated. 
Figure 7.1 displays the results of the two-group longitudinal comparison across gen
ders. 

This final model was built by individually testing each path for differences 
between the genders. To compare the parameters and to test them for differences 
across the genders, I used phantom constructs. If a path was significant in one group 
but not significant in the other group, the two paths were still tested for differences 
between groups. Just because a path is not significantly different from 0 does not 
mean that it is significantly different from that (significant) path in the other group. If 
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1* 
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Model fit: 
RMSEA = .048(.045 | .050)
TLI/NNFI = .937, CFI = .953 
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b 

fiGure 7.1. Standardized parameter estimates from the panel model of the relations among bul
lying and homophobic teasing. For the autoregressive paths the boys’ parameter estimates are above 
the line and the girls’ are below. ♀ = females, ♂ = males. b = parameter set to be equal in both groups. 
Within-time correlations are described in text. 
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the two paths are different from each other and one path is not different from 0, then 
the nonsignificant path would be pruned from the one group, and the path would be 
estimated only in the other group. If the two paths do not differ from each other and 
the constrained path is significant, then the cross-group equality constraint would be 
included in the final SEM model. In Figure 7.1, then, all paths are significantly dif
ferent from 0. A value placed on the path is indicated by b if it was the same for both 
males and females; ♀ indicates females; and ♂ indicates males. If two values are 
shown for a given path, it means that the boys’ path coefficient differed significantly 
from the girls’ path coefficient, with the path for the boys listed above the line. 

For this model, I was primarily interested in the directed regression relations. I 
did test the within-time correlations for similarities or differences but did not con
strain them to be equal in the final model. My rationale for not constraining them to 
be equal is that these are residual correlations—or the relative association between 
the constructs after controlling for all directed regression effects. These values and 
the variance explained are not the kinds of parameters that I would necessarily hold 
constant across groups, as holding them constant would potentially influence the 
regression paths, which are the parameters of focal interest. 

Table 7.4 presents the magnitude of the correlation between bullying and homo-
phobic teasing at each of the five time points. The magnitude of these correlations 
did not differ between males and females at Times 1 and 2 but did differ between 
the genders at Times 3–5. The variance explained in each construct by the set of 
pathways shown in Figure 7.1 is also listed in Table 7.4. One feature of note is that 
more variance was explained in the homophobic teasing construct than in the bul
lying construct for both genders. This feature is consistent with the generally larger 
regression paths in Figure 7.1 for homophobic teasing versus bullying. A second 
feature of note in Table 7.4 is that overall more variance was explained in both con
structs in the model for females than in the model for males. That is, the stability and 
predictability among the constructs is higher for females than it is for males.

tABle 7.4. Correlations among the two constructs and the 
variance explained from model in Figure 7.2 

Time 1 Time 2 Time 3  Time 4  Time 5 
Females: 
rBullying-HomPhTeas 

r2 Bullying 
.75 
---

.52 

.33 
.42 
.61 

.36 

.43 
.57 
.46 

r2 HomPhTeas --- .38 .61 .64 .52
Males: 
rBullying-HomPhTeas 

r2 Bullying 
.77 
---

.55 

.26 
.55 
.46 

.56 

.40 
.48 
.43 

r2 HomPhTeas --- .24 .53 .54 .48 
Note. These tabled values correspond to Figure 7.2. HomPhTeas = 
Homophobic Teasing. r2 is the variance explained, and r is the within-time 
correlation between bullying and homophobic teasing. 
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In complex models such as this one, a number of problems can emerge. First, 
providing accurate start values is very important to allow the model to success
fully converge. When I use LISREL, I typically output the estimated results from a 
preceding model to read in as start values for the next subsequent model. There is a 
guide on our crmda.KU.edu web page that further discusses some of the nuances for 
reading in start values. In other software such as Mplus the start values need to be 
hand entered as part of the syntax file. Although this process can take time up front 
when writing a program, the time it will save down the road when you are doing suc
cessive tests of parameters, for example, is well worth the initial investment. 

A second problem can emerge if the ML estimator veers off course and ventures 
into the negative-numbers area. Sometimes loadings will show up in the output file 
as negative values. The absolute values of the loadings are correct optimal estimates 
for a given model, and model fit is unaffected when this happens. What does become 
problematic is the fact that the construct for which the loadings are now negative is 
effectively reverse-coded. When a construct is reverse-coded, the high scores no 
longer mean more of the construct but now are interpreted as less of the construct. 
Moreover, the signs of the relations among constructs would now be in the oppo
site direction than I may have expected. For any given run of an SEM model, it is 
important to take at least a cursory glance at the loadings to make sure that none of 
the constructs has reversed its meaning. The better the start values are, the lower 
the likelihood is of the reverse-sign problem. As I have mentioned earlier, good start 
values for the loading and the construct relations are very important, but putting 
higher residual values in as start values is often helpful because the ML estimator 
can avoid getting too close to the boundary conditions of 0 or even negative values 
for the indicators’ residuals. 

When phantom constructs are employed in a model such as this, the reverse-
coding problem can also occur in the regression parameter that links the first-order 
construct with its associated phantom construct. As with the loadings, providing 
accurate start values for these linking regression paths is a good way to avoid the 
reverse-coding of a construct. To illustrate the reverse-coding problem that can 
sometimes emerge, I created Figure 7.2, which has four mathematically identical 
solutions. 

Panel A in Figure 7.2 is the correct solution. In Panel B, the regression path 
linking the lower order construct with the phantom construct came up negative in 
the estimation process. When an estimate comes out negative like this, it effectively 
reverse-codes the construct. That is, the high scores that would have indicated more 
of the construct are now the low scores. Thus, higher scores on the construct now 
mean “less” of the construct. Moreover, the relations of this reverse-coded construct 
are now in the opposite direction of the intended scoring. This same phenomenon 
occurs in Panel C, when the loadings of the indicators on the lower order construct 
are estimated in the negative direction. The lower order construct is now reverse-
coded, and the regression on the phantom construct carries this reverse-coded 

http:crmda.KU.edu
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fiGure 7.2. The correct solution (A) and the incorrect solutions with “reverse” coding by estimation ano
moly (B–D). Each model is mathematically the same in terms of the reproduced variance–covariance matrix 
and model fit. Solutions B–D can emerge by ML estimation. In B, the regression of the phantom variable 
was reverse-coded, causing the correlation to be incorrectly negative. In C, the loading on the lower order 
construct went negative, causing the reverse coding and a negative correlation. In D, both the loadings and 
the phantom regression estimated as negative. This happy accident results because a negative multiplied by 
a negative is a positive. 
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information up to the phantom level, which leads to the correlation between the 
constructs coming out negative again. In Panel D, a happy accident occurs. The 
loadings are estimated as negative, but so too is the regression parameter linking the 
lower order construct with the phantom construct. This second negative effectively 
“re-reverse-codes” the construct scores back into the meaning of their original raw 
metric. 

When and how values “reverse” themselves is nearly impossible to predict ahead 
of time, and it can happen when only a small tweak is made to a model. Therefore, 
I strongly encourage you to take a quick glance at the loading parameters after each 
estimated model to make sure the loadings have not reversed. Similarly, if you use 
phantom constructs, glance at the regressions that link the lower order and phantom 
constructs to make sure they are also positive. 

This section covered a two-group longitudinal model examining gender differ
ences in the linkages between bullying and homophobic teasing. In the next section, 
I further demonstrate the use of multiple-group comparisons and the use of phantom 
variables. I use the context of dynamic P-technique SEM to introduce this general 
form of longitudinal model, as well as to show the striking parallels in fitting a panel 
model to groups of individuals and fitting a dynamic P-technique model to the inten 
sive measures taken on a single person or a small handful of persons. 

A dynAMiC p-teChnique Multiple-GrOup lOnGitudinAl MOdel 

I mentioned in an earlier chapter that SEM models can generally be fit to the suf
ficient statistics: variances, covariances, and means. These sufficient statistics can 
be generated more ways than just by sampling lots of people and calculating the 
covariances among the variables. In fact, Cattell (1952) introduced his data box in 
order to help us “think outside the box” regarding how data can be collected and 
analyzed. Figure 7.3 is a graphic rendering of the box or cube. The idea here is that 
I can sample any one of these dimensions to create a dataset that can be modeled 
using mean and covariance structures techniques. Cattell talked about the data 
box in terms of exploratory factor analysis. More recently, people such as John 
Nesselroade have discussed the data cube in terms of SEM and introduced the 
idea of dynamic P-technique analyses. In Figure 7.3, the three primary dimensions 
are persons (or entities), variables, and occasions. In terms of a data matrix, we 
typically think of rows and columns, with the rows being the observational record 
and the columns being the things that we wish to understand the relations among. 
Cattell’s data box works with this idea. The box or cube can be rotated to make 
any dimension the column and any other dimension the rows. Cattell labeled the 
different orientations using an arbitrary letter scheme. R-technique uses variables 
in columns and persons in rows. This data setup is the common one that I have 
been describing. It addresses the question of what the associations are among the 
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fiGure 7.3. Cattell’s data box/cube. 

variables that tell us something about persons. In Q-technique persons are used in 
columns and variables in rows. Q-technique looks for similarities among persons 
in their profiles of scores on the measured variables—a form of cluster analysis. 
P-technique is a form of time-series modeling. Here, a single person is repeatedly 
observed over hundreds of occasions. 

In the latter half of this chapter I demonstrate a multiple-group analysis of 
dynamic P-technique data. Because dynamic P-technique data are particularly use 
ful for many kinds of developmental change questions, I first give a description of 
this kind of data before I go to the next step of analyzing them in a multiple-group 
model. Figure 7.4 shows the first few scores from a single person’s responses to a 
mood questionnaire given every day for more than 100 days. These data are pro
vided by Mike Lebo and John Nesselroade. Five pregnant women participated in 
the daily mood assessments. I have selected six of the adjectives that were rated by 
the women: active, peppy, lively, sluggish, tired, and weary. A priori, I expect two 
constructs to emerge from these adjectives: positive energy and negative energy. 

In Figure 7.4, the first 7 days and the last 3 days are presented. Table 7.5 shows 
the correlations among the six variables across the 102 days. As seen in Figure 
7.4, the mood reports for the first three variables are consistent with each other, 
and the scores for the second set of three variables are consistent with each other. 
The consistency in the patterns shows up in the correlation matrix presented in 
Table 7.5. The first three variables correlate with each other in the upper .80’s; the 
second set of three variables also has a high positive correlational manifold. In the 
lower left quadrant of the matrix, the set of nine cross-construct correlations are all 
negative. This pattern of correlation among the six variables is consistent with the a 
priori expectation of two underlying constructs for these data: positive and negative 
energy. 
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Lag 0 
Participant 1 Day A L P   S T W

Data from day 1 
Data from day 2 
Data from day 3 
Data from day 4 
Data from day 5 
Data from day 6 
Data from day 7 

Data from day 100 
Data from day 101 
Data from day 102 

1 1 1 1 
2 3 3 3 
3 1 1 1 
4 3 3 3 
5 2 3 3 
6 3 3 3 
7 3 4 4 

100 3 4 3 
101 3 3 4 
102 1 1 0 

2 1 2
0 1 1
3 3 3
0 1 1
1 1 1
1 1 1
0 0 0 

1 1 1 
1 1 1 
3 4 3 

fiGure 7.4. Data for one person. A = 
Active,  L = Lively, P = Peppy, S  = Slug
gish, T = Tired, W = Weary. 

Figure 7.5 is an idealized ebb and flow of three indicators of the same construct 
over time. The scores on the three variables mirror one another as the construct goes 
down and up and down over time. This synchrony in the variables over time is what 
produces the high correlation among the three variables. In this case, the correlation 
is not generated by consistent scores across persons but instead by consistent scores 
across time for a given individual. If the variables are each good indicators of a given 
construct, then they will follow such a consistent pattern, and an SEM model can be 
easily fit to the resulting covariance matrix. If one or more of the variables display 
marked differences in their ebb and flow pattern over time, then the variables would 

tABle 7.5. Correlations among the six mood items 
for one person across 102 days 

Positive Energy Negative Energy 

A L P S T W 
1.00 
.849 
.837 

-.568 
-.575 
-.579 

Active (A) 
Lively (L) 
Peppy (P) 

Sluggish (S) 
Tired (T) 

Weary (W) 

1.00 
.864 

-.602 
-.650 
-.679 

1.00 
-.660 
-.687 
-.724 

1.00 
.746 
.687 

1.00 
.786 1.00 

Note. These are the obtained correlations among the affect 
responses depicted in Figure 7.4. 
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230 LONGITUDINAL STRUCTURAL EQUATION MODELING 

4 

3 

2 

1 

0 

Var 1 
Var 2 
Var 3 

Time 

fiGure 7.5. The ebb and flow of three indicators of the same con 
struct over time in an idealized multivariate time series. 

not correlate very well with each other, which would not be consistent with a coher
ent construct underlying the observed data patterns. 

Figure 7.6 presents a diagram of the two-construct SEM model that I fit across 
the 5 participants. This model uses the phantom variables so that I can estimate 
the latent construct relations in a common metric across each of the 5 participants, 
because each participant is treated as a “group” in this multiple-group framework. 

Table 7.6 presents the fit information that I obtained by testing this two-construct 
CFA model for factorial invariance across all 5 participants. In Table 7.6, I report 
the results of the null model that I specified and fit, just as I have done for each of 
the multiple-group models I’ve presented thus far in this chapter. The next model 
reported in Table 7.6 is the test of configural invariance. When I inspected the model 
parameter estimates for this model, I found that the first indicator of negative energy, 
“sluggish,” did not load onto the negative energy construct for Participant 5. The low 
loading was due to the fact that the correlations of the variable “sluggish” with the 
other indicators of negative energy were at trivial levels and that the variance in the 
responses was minimal. Clearly, Participant 5 had an ideographic reaction to rating 
“sluggish” as an affect-related indicator. Perhaps the term is too colloquial, or per
haps the word was misinterpreted as being suggestive of aggressive behavior (i.e., 
sluggish as a feeling of wanting to slug someone or something). Because of this lack 
of a relationship, I fixed the loading of the “sluggish” indicator to 0 in the “group” 
that represents the model for Participant 5. 

With this adjusted configural invariance model as the starting point, I then 
tested the loadings for weak factorial invariance across the 5 participants. Equating 
the loadings across the 5 participants led to a change in the CFI of .011. Even though 
this value of change in CFI is not less than the .01 general guidelines for evaluating 
invariance constraints, I inspected the loadings and the modification indices across 
the five groups. I found that all the invariance constraints across groups had minimal 
misfit except for two. More specifically, none of the modification indices was larger 
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Lively 
(2) 

α1 

Positive 
Energy 
η1 

θ1,1 θ2,2 θ3,3 

Active 
(1) 

Peppy 
(3) 

Tired 
(5) 

Negative 
Energy 
η2 

θ6,6θ5,5θ4,4 

Weary 
(6) 

Sluggish 
(4) 

1 1 

Positive 
Energy 
η3 

Negative 
Energy 
η4 

β1,3 β2,4 

α3 

λ1,1 λ2,1 λ3,1 λ4,2 λ6,2λ5,2 

τ1,1 τ2,2 τ3,3 τ4,4 τ5,5 τ6,6 

ψ1,1 ψ2,2 

ψ3,3 ψ4,4 

ψ4,3 

fiGure 7.6. Parameter labels for the multiple-group model across five participants. Table 7.7 
contains the estimates for these parameters under configural and partial invariance. 

than 3 except for the loading of “peppy” on the positive energy construct in Par
ticipants 4 and 5. For these two participants, the loadings for “peppy” were clearly 
larger in relative magnitude than for the other three participants. 

Table 7.7 contains the parameter estimates of the model that I fit to test for fac 
torial invariance across these 5 participants. The first five columns of numbers cor
respond to the configural invariant model for each of the 5 participants. I used the 
fixed factor method of identification for these models because I anticipated that rela 
tionships of the indicators to the constructs may only provide partial measurement 
invariance. The fixed factor method of identification is appropriate to use when you 
have reason to anticipate that invariance of all loadings and intercepts may not hold. 
The fixed factor method will allow an unbiased search for the loadings and inter
cepts that are noninvariant. With the marker variable method and the effects coded 
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232 LONGITUDINAL STRUCTURAL EQUATION MODELING 

tABle 7.6. Model fit statistics for tests across five participants with P-technique SEM models 

Model tested χ2 df p RMSEA 
RMSEA 
90% CI CFI ΔCFI 

TLI/ 
NNFI ΔTLI Pass? 

Null model 1233279.5 <.001 --- --- --- --- --- --- ---
Configural invar. 4154.38 = .08 .052 .000;.090 .996 --- .987 --- Yes* 
Weak invariance 56103.80 <.001 .085 .050;.113 .985 .011 .969 .018 No** 
Strong invariance 71225.29 <.001 .135 .113;.156 .951 .034 .915 .072 No 
Partial invariance 68127.05 <.001 .090 .065;.116 .981 .015 .966 .024 Yes 
Note. Although the initial SEM had a nonsignificant p-value, some parameters were nonsignificant, and 

modification indices indicated that additional parameters were warranted. For the final SEM, all parameters are 

significant and no further modifications are indicated.

*The loading of “sluggish” was nonsignificant for Participant 5 and was fixed to 0 as part of the configural model.

**Two loadings showed evidence of significant differences even though the change in CFI was within the tolerance 

of .01 for the step from configural to weak. The partial invariance model is compared with the configural model, 

and the tolerance value is .01 + .01 or .02, as it is the sum of the two steps. 

tABle 7.7. Comparison of parameter estimates across the five participants 

under configural invariance and partial invariance
 

Configural invariance Final partial invariance 
P1 P2 P3 P4 P5 P1 P2 P3 P4 P5 

λ1,1 0.506 1.014 0.933 0.891 1.000 0.467 0.467 0.467 0.467 0.467 
λ2,1 0.443 1.068 1.069 0.984 1.149 0.477 0.477 0.477 0.477 0.477 
λ3,1 0.367 0.845 1.001 1.049 1.078 0.381 0.381 0.381 0.525 0.525 
λ4,2 0.537 1.095 0.930 0.960 1.000 0.577 0.577 0.577 0.577 0.00* 
λ5,2 0.850 1.220 1.069 1.073 1.149 0.735 0.735 0.735 0.735 0.735 
λ6,2 

1,3 β 
2,4 β 
3,4ψ 

0.611 
1.00* 
1.00*

 -0.631 

1.242 
1.00* 
1.00*

 -0.651 

1.001 
1.00* 
1.00*

 -0.423 

1.025 
1.00* 
1.00*

 -0.799 

1.078 
1.00* 
1.00*

 -0.602 

0.672 
1.00* 
1.00*

 -0.660 

0.672 
2.235 
1.758

 -0.652 

0.672 
1.975 
0.857

 -0.423 

0.672 
1.998 
1.517

 -0.796 

0.672 
2.222 
1.812

 -0.627 
θ1,1 0.094 0.398 0.389 0.214 0.340 0.112 0.392 0.388 0.212 0.389 
θ2,2 0.183 0.046 0.190 0.156 0.550 0.183 0.053 0.208 0.163 0.487 
θ3,3 0.182 0.197 0.343 0.152 0.622 0.191 0.202 0.335 0.150 0.604 
θ4,4 

θ5,5 

0.213 
0.079 

0.706 
0.220 

0.133 
0.093 

0.466 
0.274 

0.173 
0.540 

0.207 
0.154 

0.739 
0.193 

0.130 
0.098 

0.492 
0.260 

0.173 
0.938 

θ6,6
τ1 

0.126 
2.221 

0.204 
2.426 

0.090 
2.634 

0.324 
2.901 

1.137 
2.281 

0.109 
2.223 

0.254 
2.223 

0.103 
2.223 

0.328 
2.223 

1.175 
2.223 

τ2 2.008 2.152 2.280 2.906 2.269 1.931 1.931 1.931 2.208 2.208 
τ3 1.388 1.751 1.831 2.772 1.934 1.485 1.485 1.485 1.974 1.974 
τ4 1.452 1.895 1.210 2.608 1.054 1.441 1.441 1.441 1.441 1.05~ 
τ5 1.679 2.005 1.327 3.045 2.893 1.620 1.620 1.620 1.620 1.620 
τ6 1.448 1.981 1.299 2.878 2.094 1.498 1.498 1.498 1.498 1.498 
α1 0.00* 0.00* 0.00* 0.00* 0.00* 0.00* 0.492 0.809 1.485 0.064 
α2 0.00* 0.00* 0.00* 0.00* 0.00* 0.00* 0.616 -0.352 1.991 1.394 

Note. *indicates a fixed parameter. I used the fixed factor method to set the scale in both the 
configural invariant model and the partial invariant model. ~ indicates that the intercept was 
estimated freely because the loading for this indicator in this person was essentially 0 and was 
fixed at 0 in all models. Columns are the parameter estimates for each of five persons assessed 
for over 100 consecutive days. 
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method of scaling, the scaling constraint is placed on a loading. Having a loading 
constrained to be the same across groups for scaling purposes confounds any test of 
a nonconstrained loading or intercept when searching for the noninvariant param
eters. Only the fixed factor method leads to unbiased detection of the noninvariant 
loading(s) or intercept(s). 

The last five columns of Table 7.7 show the results of the final partial-invariance 
model. For the partial invariant model, the first participant is used as the reference 
“group” that provides the scale for all the other parameters of the model. A careful 
look at the first column of Table 7.7 reveals that the loadings for Participant 1 are 
all quite a bit lower than the loadings for the other participants. As a result, when 
Participant 1 is used as the reference group for scale-setting purposes, the estimated 
construct variances are accordingly larger in magnitude, with one nonsignificant 
exception. 

When I evaluate factorial invariance constraints, I don’t blindly rely on the heu
ristics of change in model fit. The impact of such constraints needs to be scrutinized 
carefully. When the loss in fit is evenly distributed across the set of constraints and 
the change in model fit is not too much, then the test of invariance would be accept
able. When the loss in fit is localized with a small number of parameter estimates, 
then prudence is needed before concluding invariance. I have mentioned before that 
partial measurement invariance is a tolerable outcome of invariance testing. There 
is no reason to panic if a small number of loadings or intercepts are not invariant. 
Three of these participants showed invariance for the loading of “peppy,” and the 
other two showed invariance for the loading of “peppy” but at a higher magnitude 
than the first three participants. For the tests of the intercepts, again Participants 
4 and 5 shared a pattern that was not shared by Participants 1–3. Here, the means 
of “lively” and “peppy” were invariant for Participants 4 and 5, but their invariant 
intercepts differed from those of Participants 1–3 (who had invariant intercepts for 
these two indicators). The latent mean of positive energy still has a common scale 
because the indicator “active” was invariant across all 5 of the participants. 

These differences in loadings and intercepts across these 5 participants high
light the ideographic attraction of P-technique models. These kinds of models are 
consistent with Molenaar’s (2004) call for modeling at the level of the individual in 
order to test the ergodicity assumptions of statistical models. In psychology, a model 
of dynamic change is ergodic if it is applicable at the level of a single individual, as 
well as across a group of individuals. In these 5 participants, I would conclude that 
the constructs’ measurement properties are sufficiently ergodic (factorially invari
ant) to allow comparisons of the similarities and differences in the latent construct 
relationships. 

Thus far I have been discussing standard P-technique analysis. These analyses 
are used primarily to understand the factorial structure among the set of six indi
cators and to determine whether the measurement characteristics are sufficiently 
factorially invariant to allow further assessments of the dynamic relationships in 
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these two constructs. Dynamic P-technique is the next extension for modeling mul
tivariate time-series data such as these. A key point of interest in data such as these 
is how a person’s scores on one day influence or predict her scores on the next day. 
To examine these day-to-day or observation-to-observation associations, the data 
matrix needs to be lagged. Figure 7.7 is a representation of how a lagged dataset is 
created. Figure 7.7 shows two lags of the original dataset. The original dataset is 
sometimes labeled Lag 0, as it is not technically lagged. Lag 1 represents the imme
diate associations between an observation and the very next observations across 
each of the observational records. Lag 2 represents a separation of two observations. 

For these data, observations were made on a daily basis. Observational record 1 
contains the reported mood ratings on Day 1, observational record 2 has the reported 
mood ratings on Day 2, observational record 3 has the reported mood ratings on 
Day 3, and so on. When the data are transformed to create the Lag 1 information, 
the observational record at the second occasion is copied and placed on the same 
row as the first observational record. The third occasion is copied and placed on the 
same row as the second observation. And the last observational record is copied and 
placed on the row for the immediately preceding day. To create Lag 2, the obser
vational records are copied and placed one row up to create the data structure that 
I have placed in Figure 7.7. The scores for Day 2 (3,3,3,0,1,1), for example, are in 
Row 2 under the Lag 0 set of columns, and they are in Row 1 under the Lag 1 set of 
columns. The scores for Day 3 (1,1,1,3,3,3) are in Row 3 under the Lag 0 columns, 
in Row 2 under the Lag 1 columns, and in Row 1 under the Lag 2 columns. Each 

Lag 0 Lag 1 Lag 2 
Participant 1 Day A L P  S T W A L P  S T W A L P  S T W 

-1 (missing data) (missing data)  1 1 1 2 1 2
 0 (missing data) 1 1 1  2 1 2 3 3 3 0 1 1

Data from day 1 1 1 1 1 2 1 2 3 3 3 0 1 1 1 1 1 3 3 3
Data from day 2 2 3 3 3 0 1 1 1 1 1 3 3 3 3 3 3 0 1 1
Data from day 3 3 1 1 1 3 3 3 3 3 3 0 1 1 2 3 3 1 1 1
Data from day 4 4 3 3 3 0 1 1 2 3 3 1 1 1 3 3 3 1 1 1
Data from day 5 5 2 3 3 1 1 1 3 3 3 1 1 1 3 4 4 0 0 0
Data from day 6 6 3 3 3 1 1 1 3 4 4 0 0 0 2 2 2 1 1 1
Data from day 7 7 3 4 4 0 0 0 2 2 2 1 1 1 3 3 3 0 0 1 

Data from day 100 100 3 4 3 1 1 1 3 3 4 1 1 1 1 1 0 3 4 3 
Data from day 101 101 3 3 4 1 1 1 1 1 0 3 4 3 (missing data) 
Data from day 102 102 1 1 0 3 4 3 (missing data) (missing data) 

fiGure 7.7. Dynamic data setup for one person, two lags. A = Active, 
L = Lively, P = Peppy, S = Sluggish, T = Tired, W = Weary. 
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observational record follows this pattern: under the Lag 1 columns, the Lag 0 scores 
are shifted up one row, and under the Lag 2 columns the Lag 0 scores are shifted 
up two rows. These shifts also produce some very small amounts of missing data. 
Observational record 1, for example, does not have a preceded record to match, so 
the Lag 0 data at Day 0 is missing. Similarly, for Lag 2, the observations at day –1 
do not have matching records at Lag 0 or Lag 1 resulting in missing data. 

These missing values are easily imputed using modern approaches. After impu
tation, the 102 days of observation actually led to 105 days of analyzable informa
tion. After imputation, these 18 columns of information can be summarized as a 
set of sufficient statistics for the six variables across two lags (three assessment 
intervals). Figure 7.8 displays the block Toeplitz matrix that results from calculating 
the variance–covariance matrix of the 18 columns of information from lagging the 

Lag 0 
1 

1 

2 

2 

3 

3 

1 2 3 

1 2 3 

1 

2 

3 

1 

2 

3 

C2,1 

C3,1 C3,2 

AR1 CL1,2 CL1,3 

Lag 1 

Lag 2 

La
g 

0
La

g 
2 

La
g 

1 AR2 CL2,3 C2,1 

AR3 C3,1 C3,2 

AR1 CL1,2 CL1,3 

AR2 CL2,3 C2,1 

AR3 C3,1 C3,2 

CL2,1 

CL3,1 

CL1,3CL1,2 

CL3,2 

CL2,1 

CL3,2CL3,1 

CL2,3CL2,1 

CL3,1 CL3,2

 AR1

 AR2

 AR3 

V1 

V2 

V3 

V1 

V2 

V3 

V1 

V2 

V3 

** ** ** 

** ** ** 

** ** ** 

* * * 

* * * 

* * * 

* * * 

* * * 

* * * 

fiGure 7.8. A dynamic P-technique data matrix or block Toeplitz matrix. 
This stylized representation has three constructs, each with three indicators. 
C refers to covariances, V refers to variances, CL refers to the cross-lagged 
associations, and AR refers to the autoregressive associations. The variances 
and covariances within a given lag are essentially identical values across the 
lags. The elements denoted with * are essentially identical values between lag 0 
and lag 1 and between lag 1 and lag 2. The elements denoted with ** are unique 
associations between lag 0 and lag 2. 
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original data matrix two times. A block Toeplitz matrix is one that has repeated ele
ments in specific parts of the matrix. The diagonal elements representing the asso 
ciations among the variables at Lag 0 is repeated when the associations among the 
variables at Lag 1 and at Lag 2 are examined. The data at Lag 1 are the same data as 
at Lag 0, and so the within-lag associations will be essentially identical. There will 
be some noise due to the uncertainty of the few data points that were imputed, but 
from a statistical perspective the elements in these parts of the matrix are equivalent. 
Similarly, the quadrant that contains the associations between Lag 0 and Lag 1 and 
the quadrant that contains the associations between Lag 1 and Lag 2 will also be the 
same because these quadrants contain the same data information separated by a sin
gle measurement occasion. In this block Toeplitz matrix, the information contained 
in the lowest quadrant is the unique set of associations between Lag 0 and Lag 2. 
Only this one quadrant contains the separation of two measurement occasions. 

Another feature to note in the stylized block Toeplitz matrix of Figure 7.8 is that 
I have labeled subquadrants with the kind of modelable information that is contained 
within it. Like any longitudinal data matrix, the association of a variable with itself 
is termed an autoregressive path (AR). The autoregressive correlations are located on 
the subdiagonals of the block Toeplitz matrix and are labeled AR1–AR3. The autore
gressive associations are separated by one measurement occasion. In the lower left 
quadrant of Figure 7.8, the autoregressive associations are between Lag 0 and Lag 
2. These autoregressive associations would be separated by two measurement occa
sions and are technically AR2 associations. The cross-lagged associations among 
these hypothetical variables and constructs follow a similar block Toeplitz pattern. 
The cross-lagged associations between Lag 0 and Lag 1 are essentially identical to 
the cross-lagged associations contained between Lag 1 and Lag 2. The unique cross-
lagged associations between Lag 1 and Lag 2 are shown in the lower right quadrant 
of the matrix. 

When a dynamic SEM model is fit to this kind of data matrix, the parameter 
estimates for the constructs take on very specific constraints because of the essential 
equivalence found in the block Toeplitz quadrants. Because the within-lag infor
mation is essentially equivalent, all parameters associated with a given construct 
would be invariant in the CFA buildup to the structural model. In Figure 7.9, I have 
presented the basic CFA with parameter labels for the positive and negative energy 
constructs across Lag 0, Lag 1, and Lag 2. 

Not only would the loadings (e.g., l1,1 = l7,3 = l13,5) and intercepts (e.g., t1 = t3 
= t5) be equal across the lags, but so too would the residuals (i.e., strict factorial 
invariance across lags would be enforced (e.g., q1,1 = q7,7 = q13,13). Strict invariance 
would be enforced in lagged data because the information within lags is essentially 
equivalent and, statistically, should possess the same parameter estimates. Even the 
between-lag correlated residuals would be equal when they are separated by the 
same number of lags. Specifically, the correlated residuals between Lag 0 and Lag 1 
would be equal to the corresponding correlated residuals between Lag 1 and Lag 2 
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10 11 12 16 17 18 

λ4,2 

Negative 
Energy 
Lag 0 

4 5 6 

7 8 9 13 14 151 2 3 

Negative 
Energy 
Lag 1 

Positive 
Energy 
Lag 0 

Positive 
Energy 
Lag 1 

Positive 
Energy 
Lag 2 

Negative 
Energy 
Lag 2 

λ5,2 λ6,2 λ10,4 λ11,4 λ12,4 λ16,6 λ17,6 λ18,6 

λ1,1 λ2,1 λ3,1 λ7,3 λ8,3 λ9,3 λ13,5 λ14,5 λ15,5 

θ2,2 θ3,3 θ7,7 θ8,8 θ9,9 θ13,13 θ14,14 θ15,15 

ψ1,1 ψ3,3 ψ5,5 

ψ2,2 ψ4,4 ψ6,6 

θ4,4 θ5,5 θ6,6 θ10,10 θ11,11 θ12,12 θ16,16 θ17,17 θ18,18 

1 

τ1 τ2 τ3 τ7 τ8 τ9 τ13 τ14 τ15 

ψ11,7 | ψ11,8 | ψ11,9 | ψ11,10 

α1 α3 α5 

α2 α4 α6 

ψ10,7 | ψ10,8 | ψ10,9 

ψ8,7
ψ9,7 | ψ9,8 

ψ12,7 | ψ12,8 | ψ12,9 | ψ12,10 | ψ12,11 

τ4 τ5 τ6 τ10 τ11 τ12 τ16 τ17 τ18 

θ10,4 

θ16,4 

θ16,10 

θ7,1 

θ13,1 

θ13,7 

Phantom 
Construct

 (η8) 

Phantom 
Construct 

(η10) 

Phantom 
Construct 

(η12) 

β8,2 
β10,4 β12,6 

ψ8,8 
ψ10,10 ψ12,12 

Phantom 
Construct 

(η7) 

Phantom 
Construct 

(η9) 

Phantom 
Construct 

(η11) 

β7,1 β9,3 β11,5 

ψ7,7 ψ9,9 ψ11,11 

a a a 

a a a 

fiGure 7.9. Parameter labels for a two-lag dynamic P-technique analysis with positive 
energy and negative energy. With the dynamic P-technique CFA all of the corresponding 
within-lag parameters are equated over lags. All corresponding between-lag parameters (i.e., 
between lag 0 and lag 1 and between lag 1 and lag 2) would also be equated because the infor
mation is essentially equivalent given the duplication of data to form the lagged data structure 
of the block Toeplitz matrix. a = parameter is fixed to 0. 

θ1,1 

(e.g., q7,1 = q13,7). The correlated residuals between Lag 0 and Lag 2 (e.g., q13,1), on the 
other hand, would be uniquely estimated because they are separated by two occa
sions of measurement. 

In this version of a dynamic model, I used phantom constructs to estimate the 
associations among the constructs as correlations in each participant. Thus, the 
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238 LONGITUDINAL STRUCTURAL EQUATION MODELING 

variances of the constructs are now estimated as standard deviations; that is, b7,1 is 
the standard deviation of positive energy at Lag 0, and b8,2 is the standard deviation 
of negative energy at Lag 0. The variances of the lower order constructs are fixed at 
0 to force the common variance that is captured by the loadings to be transported 
directly to the phantom construct level. The phantom constructs have their scale set 
by fixing the variance parameter to 1.0 (e.g., y7,7 and y8,8 are fixed at 1). 

In addition to equating all the measurement model parameters, a dynamic 
P-technique CFA would also have identical construct-level parameter estimates. 
Thus, with the phantom construct representation in Figure 7.9, the latent standard 
deviations would be the same at each lag (e.g., b7,1 = b9,3 = b11,5), and the construct 
means would be the same at each lag (e.g., a1 = a3 = a5). The within-lag correlations 
among the constructs would be the same (i.e., y8,7 = y10,9 = y12,11), and the between-
lag correlations among the constructs would be identical between Lag 0 and Lag 
1 and between Lag 1 and Lag 2 (i.e., y9,7 = y11,9; y10,7 = y12,9; y9,8 = y11,10; y10,8 = 
y12,10). Only the correlations between Lag 0 and Lag 2 would be uniquely estimated 
(i.e., y5,1; y5,2; y6,1; y6,2). 

These essentially equivalent quadrants of a dynamic P-technique block Toeplitz 
matrix are predicated on the idea that observations are indistinguishable by other 
characteristics (e.g., day of the week). If observations have a distinguishable char
acteristic, then the essential equivalence is not likely to hold. In this case, the data 
would be lagged in such a way that the known characteristics determine the lag 
bin. For example, all Monday observations go in to a Monday-to-Monday bin, all 
Tuesday observations go in to a Tuesday-to-Tuesday bin, and so on for each day of 
the week. In such a setup, the lagged constructs represent mood ratings on a given 
day of the week. This more elaborate variation on dynamic P-technique is beyond 
the scope of what I want to discuss here, and, unfortunately, the dataset that I am 
using as an example does not have day of the week included to even allow such a 
data setup (see Lee & Little, 2012, for an example of a day-of-the-week data setup). 

Table 7.8 reports the model fit information for the dynamic 2-lagged P-technique 
data with partial measurement invariance imposed. The partial invariance con
straints stem directly from the nonlagged multiple-group test of invariance across 

tABle 7.8. Model fit statistics for tests across five participants with dynamic P-technique SEM 
models 

RMSEA TLI/ 
Model tested χ2 df p Δχ2 Δdf p RMSEA 90% CI CFI ΔCFI NNFI ΔTLI Pass? 

SEM comparisons across three lags 
CFA weak/partial 
Equal variances 
Initial SEM 

722.21 
959.41 
771.08 

705 
713 
725 

= .32 
<.001 
= .11 

---
236.85 
48.52 

---
8 

20 

---
<.001 
<.001 

.000 

.023 

.000 

.000;.019 

.000;.038 

.000;.027 

.999 

.975 

.995 

---
.024 
.004 

.998 

.967 

.994 

---
.031 
.004 

Yes 
No 
No 

Final SEM 776.27 746 = .21 53.71 41 = .09 .000 .000;.023 .997 .002 .996 .002 Yes 

Note. The CFA weak/partial is based on the final SEM of the simple P-technique CFA, all parameters are significant 
and no further modifications indicated. In that model, the loading of “sluggish” was nonsignificant for Participant 
5 and was fixed to 0. Two loadings showed evidence of significant differences and were adjusted (see discussion 
of the simple CFA). 
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the 5 participants. Again, because of the essential equivalence of the lagged data, 
the same pattern of partial invariance across participants would show up at each lag. 
Also, because of the redundant information, the model fit for the partial invariant 
CFA is outstanding. This model fit information is meant to provide the baseline of 
model fit in order to evaluate the structural model that will be fit to these data. 

For the structural model, the cross-lag associations are now converted to 
directed regression paths. Lag 0, which I refer to as “yesterday,” will predict the 
scores at Lag 1, which I refer to as “today,” and Lag 1 will predict Lag 2, which I 
refer to as “tomorrow.” These labels are convenient because they convey the essen
tial idea of dynamic P-technique modeling—the day-to-day associations over the 
course of a large span of observed days. Because the information between yesterday 
and today is the same as between today and tomorrow (i.e., the lagged block Toeplitz 
structure), any associations found between Lag 0 (yesterday) and Lag 1 (today) will 
be essentially identical to those between Lag 1 (today) and Lag 2 (tomorrow). Only 
potential delayed effects from yesterday to tomorrow would be uniquely estimated 
in these structural models. 

Table 7.8 also shows the fit of the initial structural model. Similar to some of the 
initial structural models of longitudinal data, I assumed that the dynamic relations 
over these three observation points would follow a simplex pattern of association: 
yesterday would affect today, which, in turn, would affect tomorrow. The impact 
of yesterday on tomorrow would be indirect via its effect on today’s mood. I also 
had no a priori predictions for the cross-lagged influences that may be inherent in 
day-to-day mood processes. Therefore, the initial model specified autoregressive 
and cross-lagged effects between Lag 0 (yesterday) and Lag 1 (today) and between 
Lag 1 (today) and Lag 2 (tomorrow). Because the variances of Lag 1 and Lag 2 are 
now residual variance estimates, I no longer force these variances to be equal to 
the variances of their corresponding constructs at Lag 0. Similarly, the within-lag 
covariances at Lag 1 and Lag 2 are now residual covariances after controlling for the 
prior lag’s influence. These covariance estimates would not be equated necessarily 
with the zero-order covariance of the two mood constructs at Lag 0. The zero-order 
covariance at Lag 0 and the residual covariances at Lag 1 and Lag 2 may turn out to 
be equal, but they would not necessarily be predicted to be equal. 

The other feature of the dynamic structural model that I specified is the inclu
sion of phantom constructs for each lag to account for the dramatic differences in 
the variances of the mood ratings across the 5 participants. The formal test of the 
differences verified what a casual glance at the variances suggested. These 5 par
ticipants were quite different in daily ratings of their positive and negative energy. 
These differences are readily apparent in Table 7.6. In Figure 7.10 and Figure 7.11, 
each variance is estimated as a standard deviation, which means that the values 
in the figures are pretty close to the square roots of the values for the variances in 
Table 7.6. Had I not used phantom constructs to examine the cross-lagged relations 
in these two constructs across these 5 participants, the estimated beta paths would 
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A) Participant 1 B) Participant 2 
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.22 
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Yesterday .27 

-.65 -.65 
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C) Participant 4 
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Phantom 
Pos Energy 

Today 

Phantom 
Pos Energy 
Tomorrow 

.22 

Phantom 
Neg Energy 

Today 

Phantom 
Neg Energy 
Tomorrow .65 

Phantom 
Pos Energy 
Yesterday 

.22 

Phantom 
Neg Energy 
Yesterday .65 

-.76 -.87 

.97 .97 .97 

.97 .97 .97 

-.87

.35 .35 

fiGure 7.10. Final dynamic P-technique model for three of five participants. The measurement 
model is presented graphically to illustrate that the lower order factors are represented by multiple 
indicators. The loadings are invariant across the three lags and across all five of the participants, 
except for one loading that showed differences in a particular participant: the third indicators of 
positive affect in the fourth and fifth participants were equal to each other but different from those of 
the first three participants. The first indicator of negative affect in the fifth participant was fixed to 0. 
The results for Participants 3 and 5 are presented in Figure 7.11. Values that are identical were tested 
for differences and found to be nonsignificantly different at p = .10 or greater. They are equated to 
present the estimated values in the most parsimonious manner. Overall model fit is outstanding: 
c2

(n=525,746) = 776.3, p = .22; RMSEA = .000(.000; .024); CFI = .999; TLI/NNFI = .997. 
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A) Participant 3 B) Participant 5 
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Tomorrow .27 
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Phantom 
Pos Energy 

Today 

Phantom 
Pos Energy 
Tomorrow 

Phantom 
Neg Energy 

Today 

Phantom 
Neg Energy 
Tomorrow 

.23Phantom 
Pos Energy 
Yesterday 

Phantom 
Neg Energy 
Yesterday 

.23 

-.65 -.65 

1.28 1.28 1.28 

1.06 1.06 1.06 

-.65.23 

.35 

fiGure 7.11. Final model for the remaining two participants (see Figure 7.10 for the other three). 
See Figure 7.10 caption for details of model fit and specification details. 

have been on dramatically different metrics. The differences in metrics are apparent 
in Table 7.6. In the partial invariant model, where the estimates are made on a scale 
defined by Participant 1, the estimated covariances between positive and negative 
energy vary from –.660 to –2.536. When Participant 1 is used for the scale-defining 
constraint (Group 1 using the fixed factor method of identification), the estimated 
associations are no longer on a standardized or common metric; that is, –2.536 can
not be interpreted as a strength-of-association value that is comparable to the –.660 
value. The –.660 is a correlation and has direct interpretation in terms of variance 
overlapping. The –2.536 is a covariance that needs to be transformed so that we can 
understand the strength of association in terms of the correlational metric. Using 
phantom constructs allows me to estimate the associations among the constructs in 
a standardized and comparable metric. This estimated standardized solution thereby 
allows me to test parameters for equality across the 5 participants and to eventually 
end up with the final SEM models that I have displayed in Figures 7.10 and 7.11. 

The final SEM models for each of the 5 participants are striking in terms of the 
common associations that emerged across the 5 participants. For example, Partici
pants 1, 4, and 5 each showed weak but positive stability in day-to-day fluctuations 
in positive energy (b = .23). Similarly, Participants 1, 2, and 3 showed weak but  
positive stability in the day-to-day fluctuations in negative energy. In terms of the 
within-lag correlations among the two mood constructs, three participants (1, 2, and 
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5) showed the same –.65 association at each lag. I mentioned that the Lag 1 and Lag 2 
associations are residual correlations. If the cross-time effects are pronounced, then 
these residual correlations can change in magnitude—only Participant 4 showed 
this pattern of change in magnitude. The zero-order correlation was –.76 at Lag 0, 
but after the cross-time effects are accounted for, the residual correlations between 
the two constructs are –.87. This participant showed quite stable negative energy 
(b = .65); but when affect did change, it was predicted to a moderate degree (b = .35) 
by the prior day’s level of positive energy. All the other participants showed effects 
that were generally weak or modest, and the resulting correlations between the two 
mood constructs were the same as the zero-order correlation at Lag 0. 

In these dynamic models, Participants 3 and 5 showed a delayed effect of mood 
“yesterday” (Lag 0) influencing mood “tomorrow” (Lag 2). For Participant 3, there 
was a delayed effect in the autoregressive effect of positive energy at Lag 0, show
ing a modest positive impact on positive energy at Lag 2 of b = .35. A similar effect 
emerged for Participant 5, who had a cross-lagged effect of b = .23 between positive 
energy at Lag 0 and negative energy at Lag 2. These delayed effects can be inter
preted as rebound effects. 

Three of the participants showed a cross-lagged effect from positive energy to 
negative energy. Each of these effects was positive, meaning that the higher the posi
tive energy was yesterday, the more negative energy was reported today (Partici
pants 3 and 4) or tomorrow (Participant 5). One of the cross-lagged effects was nega
tive; specifically, for Participant 2, higher negative energy consistently predicted 
lower positive energy the next day. 

These dynamic P-technique models highlight both the ideographic and the 
nomothetic interpretations of fitting these kinds of multiple-group models to multi
variate time-series data. The partial measurement invariance showed, for example, 
that one participant (5) would not endorse “sluggish,” and it was, therefore, not an 
effective indicator of negative energy for that participant. At the construct level, this 
participant showed a similar level of stability in positive energy to two other par
ticipants but showed the only delayed effect of positive energy predicting negative 
energy (b = .23). More nomothetic conclusions could be drawn if a larger pool of 
participants were selected for such a study. 

Variations on the dynamic P-technique models exist. For example, chained 
P-technique is useful when many individuals can each provide a shorter time series. 
Here, I might have access to 30 or so individuals who are able to provide data for a 
short period of time, such as 2 weeks. These data can be concatenated such that a 
single model can be fit to the resulting 30 persons by 2 weeks’ worth of time-series 
data. If the data are combined into a single dataset, this approach must assume 
that the measurement model for the measures is factorially invariant across all par
ticipants and that the structural model that is fit to the data is also invariant across 
all participants. I might consider fitting such data as a 30-group model with fac 
torial invariance examined. The power to detect noninvariance would be limited, 
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but if invariance across participants is warranted, the model parameters would be 
grounded in the total set of observations. A multiple-group approach would have 
challenges and some power issues. Very little work on this approach has been con
ducted, so there is not much I can say in terms of guidance at this time. From what 
we do know about nested data structures, a chained P-technique model may be best 
fit as a multilevel model rather than a multiple-group model. In future editions of this 
book, I’ll likely elaborate more on these kinds of models and their variations. For 
now, I hope this brief introduction will entice more researchers to utilize these kinds 
of data collection procedures and the SEM models that can be fit to them. 

suMMAry 

In this chapter, I focused on the ins and outs of multiple-group comparisons. Using a 
traditional examination of a longitudinal structural model across genders, I detailed 
the numerous steps that are involved. The most significant benefit of all these steps is 
increased validity. Rather than my assuming factorial invariance or that some other 
factor, such as school context, does not have an impact on the results of the focal 
analyses, the multiple-group framework allows me to examine the veracity of these 
assumptions. Other benefits of the multiple-group framework are those associated 
with the latent-variable SEM approach in general (e.g., correcting for measurement 
error, establishing the content validity of indicators, informing the discriminant and 
convergent validity of the constructs). 

I also demonstrated how this same multiple-group approach can be applied to 
the dynamic P-technique context. Here, the procedures for testing factorial invari
ance can be used to identify and highlight the ideographic response patterns of a 
given individual. They also can be used to establish the similarities and differences 
among the construct associations. 

As I turn to Chapter 8, I focus on the new developments in modern statistical 
modeling for addressing the nested data structures: multilevel modeling. Although 
multilevel modeling has numerous advantages, it does have at least two significant 
limitations that are not limitations of the multiple-group framework. First, multi
level models assume factorial invariance and do not have the capability of allowing 
partial invariance across the lower units of a multilevel analysis. A multiple-group 
framework does not have a limit on the number of groups that can be examined; only 
computing power would be the limiting factor on the number of groups that could be 
included. The multiple-group approach, however, does not have the ability to model 
the associations among the constructs as random effects (see my detailed description 
of multilevel modeling in Chapter 8). The second limitation of multilevel approaches 
that are not problematic in the multiple-group framework is that the model for the 
associations among the constructs can vary dramatically across groups. The differ
ent models for the 5 participants in the dynamic P-technique exemplify this idea. 
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With multilevel models, the structural model is assumed to be the same across all 
groups, and only the parameter magnitudes vary across groups. 

Key terMs And COnCepts intrOduCed in this ChApter 

Chained p-technique seM. A way to leverage multiple time-series datasets and combine 
them into a single data matrix. This approach requires a number of assumptions, such 
as the invariance of both the measurement and structural models across the chained 
participants. 

dynamic p-technique seM. The label for SEM models that are fit to lagged block 
Toeplitz matrices generated from multivariate time-series data obtained from a single 
individual. 

ergodicity. The generalizability of findings when the level of analysis is higher than the 
level at which generalizability is attempted. Models fit to a sample of individuals 
from a population of individuals are generalizable to the population of individuals; 
however, the results may not generalize to the level of a given individual or to a level 
of a small sample of individuals. The P-technique approach fits models that are at the 
level of an individual, and therefore the model results are generalizable to the person. 

fixed effects. With multiple-group models, comparisons across groups are conducted as 
fixed effects comparisons. A fixed effect is any parameter of a model that describes a 
characteristic of the data for a discrete group. The parameter for a given group could 
be its mean, variance, covariance, regression slope, loading, intercept, or indirect 
effect. When two or more groups share a common parameter estimate, the signifi
cance of the difference in this parameter is conducted as a fixed effect comparison. 
In multiple-group SEM, this comparison is typically conducted as a c2 difference test. 
Fixed effects can be contrasted with random effects. 

lagged block toeplitz. A block Toeplitz matrix is one that has repeated elements in 
specific parts of the matrix. A lagged block Toeplitz matrix is one that results from 
intentionally duplicating a multivariate time-series data matrix and then aligning the 
observations so that observations in row n are aligned with the duplicated observa
tions for all n + 1 observations. The sufficient statistics for the original dataset and 
the duplicated dataset are essentially identical. Only trivial differences occur due to 
imputation of unmatched observational records (e.g., the first observation and the last 
observation do not have matching records and the missing information is imputed). 

Multiple-group seM. When two or more samples of observations exist based on known, 
discrete, and mutually exclusive classifications, a multiple-group SEM model can be 
conducted. Multiple-group SEM involves fitting a formal SEM model simultaneously 
across the two or more groups. 

p-technique factor analysis. P-technique involves variables-by-occasions data. P-tech
nique factor analysis and SEM examine the covariation patterns among variables 
that are repeatedly sampled for a single individual or entity. It is a form of time-series 
analysis. Dynamic P-technique involves using a lagged P-technique dataset to exam
ine the associations among the variances between the observations. 
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q-technique factor analysis. Q-technique involves persons-by-variables data. Q-tech
nique factor analysis and SEM examine the covariation patterns among persons to 
identify similarities or clusters of profiles of scores on a number of variables. Q-tech
nique is a form of cluster analysis. 

r-technique factor analysis. R-technique involves variables-by-persons data. R-technique 
factor analysis and SEM are the dominant modes of factor analysis and SEM. Longi
tudinal R-technique factor analysis is a form of the typical SEM model for panel data. 

random effects. Model-based estimates that can be defined as having a mean and a 
distribution of possible estimates. When a sufficiently large number of groups exist, 
a parameter of interest can be characterized as a mean estimate with a distribution. 
When groups are too small, each group’s parameter estimates are treated as discrete 
fixed effects. 
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